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Abstract: We analyze experimentally and theoretically the effects of
delayed optical cross-feedback in semiconductor ring lasers. We show that
under appropriate conditions, feeding of only one directional mode back
into the counter-propagating mode leads to square-wave oscillations. In this
regime, the laser switches regularly between the two counter-propagating
modes with a period close to twice the roundtrip time in the external
feedback loop. We find that these oscillations are robust and appear for
a wide range of parameters as long as a small asymmetry in the linear
coupling between both modes is present. We show that by increasing the
feedback strength or the injection current, the square-wave oscillations
gradually disappear. Due to noise, mode-hopping between stable lasing
in one directional mode and square wave oscillations is observed in this
transition region.
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1. Introduction

Delayed optical feedback in semiconductor laser systems has been shown to exhibit a wealth
of dynamical behavior [1, 2]. It can generate an optical chaotic signal useful for e.g. chaos en-
cryption techniques [3] and, recently it has been shown that the complex transient behavior
of delayed feedback systems can even process information [4]. One particular example of a
dynamical regime that can arise through time-delayed optical feedback is square-wave switch-
ing. The generation of such square-wave oscillations has received a lot of interest in the past
years [5–11], both out of fundamental interest and because applications involving the produc-
tion of high-frequency optical pulses have been suggested [12].
Square-wave modulation of the power emitted in each of the polarization orientations has
been demonstrated in edge-emitting lasers (EELs) by using crossed-polarization re-injection
(XPR) [5]. Considering such an edge-emitting, Fabry-Perot diode laser, the optical feedback
from an external cavity couples asymmetrically from the natural horizontal TE polarization
mode to the non-lasing, orthogonal TM mode. The main prerequisite for obtaining square-wave
oscillations with a period close to twice the delay introduced by the external feedback path is
that the differential losses in the TM mode are small. In this configuration, the square-wave self-
modulation always has a duty cycle of about 50%. It has been shown, however, that by using
two EELs coupled through polarization-rotated feedback asymmetric duty cycles can be ob-
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tained as well, keeping the total period close to the roundtrip time of the feedback loop [9, 10].
A lot of attention has also been paid to studying square-wave modulation in vertical-cavity
surface-emitting lasers (VCSELs) [6, 7]. In VCSELs, the losses in the orthogonal mode are
typically much lower than in edge-emitting lasers. Square-waves have been observed for XPR
levels above a critical value, with a period related to twice the re-injection delay as well. If
the level of XPR becomes too strong, however, a degradation of the square waves has been
observed and finally they disappear completely [7].
In this work, we report on the experimental and theoretical observation of square wave oscil-
lations in semiconductor ring lasers (SRLs). SRLs are semiconductor lasers where the laser
cavity consists of a ring-shaped waveguide. As a result, SRLs generate light in two opposite di-
rections referred to as the clockwise (CW) and the counterclockwise (CCW) mode. They have
been shown to be promising sources in photonic integrated circuits [13]. In particular, their pos-
sibility of bistable directional operation paved the way to encoding digital information in the
direction of emission of SRLs [13, 14]. SRLs have been shown to have interesting dynamical
properties due to their Z2 symmetry. The particular phase-space structure of these two-mode
lasers has been used to explain alternative switching mechanisms [15], multi-stable regions of
operation [16], excitability [17] and non-Arrhenius mode hopping [18].
The square-wave oscillations that we report on in this paper differ in origin from previous ob-
servations in EELs [5] and VCSELs [7] in several ways. For EELs and VCSELs, the underlying
origin of the square wave behavior is attributed to a gain difference between the two modes.
Without XPR, the mode with the highest gain is lasing, while the other mode has insufficient
gain and remains off. Sufficiently strong delayed XPR, from the high gain mode into the low
gain mode, overcomes the gain anisotropy and pushes the low gain mode above the lasing
threshold, while turning off the high gain mode. This essentially kills the XPR, which will
switch the laser back to the high gain mode after one delay, thus starting a new square wave
cycle. While SRLs are -like VCSELs- two-mode lasers, no gain anisotropy is present between
both counter-propagating modes in the SRL. Even more, because the SRL modes are linearly
coupled through a physical process referred to as backscattering, they are always phase locked
and both modes are always on. It is the interplay between this linear coupling and gain satu-
ration processes that defines the mode partitioning. We show here that a certain asymmetry in
linear coupling between both counter-propagating modes and the cross-saturation effects are
needed in order to induce square waveforms in SRLs. Also, contrary to VCSELs, solitary SRLs
show a large variety of dynamics (alternate oscillations [19], multistability [16] and excitabil-
ity [17]), which will interact with the formation of square waves.

Although the square waves are stable without noise, we find that the noise strength can
change the regularity of the square waves as for increasing feedback strengths or injection cur-
rents, noise-induced mode-hopping occurs between the square wave attractor and stable unidi-
rectional CW or CCW operation. The time-delayed coupling of one directional mode back into
the counter-propagating mode leads to square-wave oscillations when the feedback strength
exceeds a critical value. Similar as in EELs and VCSELs, the oscillations have a duty cy-
cle of about 50% and a period close to twice the roundtrip time in the external feedback or
cross-injection loop. Finally, our numerical analysis shows that the square wave switching are
accompanied by oscillations which are much slower than the relaxation oscillation timescale.
The paper is organized as follows. In Sec. 2 we describe the experimental setup and the ef-
fect of the pump current and feedback strength on the presence and properties of the square
waveforms. Sec. 3 details the theoretical model and discusses the numerical results obtained. A
summary and discussion are provided in Sec. 4.
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Fig. 1. A schematic view of the semiconductor ring laser and a sketch of the experimental
setup. LF is the lensed fiber, SOA the semiconductor optical amplifier and C the circulator.
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Fig. 2. SRL’s optical output power in CW (green) and CCW (red) directions. Remark that
the output power is fairly low, because no current is sent through the output waveguides.
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2. Experimental results

The experiments are performed on an InP-based multi-quantum-well semiconductor ring laser
(SRL). A schematic representation of such SRL is shown in Fig. 1. The geometry of the ring
cavity supports two directional modes: clockwise (CW) and counterclockwise (CCW). The cir-
cumference of the SRL cavity is 1.87 mm, leading to a (experimentally measured) longitudinal
mode spacing of 53.6 GHz at a center wavelength of 1.56 μm. Directional couplers allow to
couple out part of the light from the ring in the output waveguides. As shown in Fig. 1, there
are four ports (A, B, C, and D) at the facets of the chip that serve as SRL inputs or outputs.
Lensed optical fibers can be aligned to these ports. The device is mounted on a copper chuck
and thermally controlled by a Peltier element with an accuracy of 0.01◦C. In Fig. 2 we plot
the optical power measured in the CW and CCW directions as a function of the SRL pumping
current Ir. The SRL has a threshold current of 32 mA. Above and close to the threshold, the
SRL resides in the bidirectional regime where it emits both directional modes. The CCW mode
increases more strongly than the CW mode with increasing injections current. Above 37 mA,
the CW mode’s power drops and the SRL enters the uni-directional regime where one of the
directional modes is much stronger than the other.

The feedback loop is organized using lensed fibers connected to ports A and D. The roundtrip
time of the external cavity is given by τ = nL/c, where L is the length of the external cavity, c
is the speed of light and n is the refractive index of the fiber. Here L is 9.57m, leading to τ ≈
47.9ns. A semiconductor optical amplifier (SOA) is placed in the feedback loop to control the
feedback strength by changing the current in the SOA. In all of the experiments, the saturation
power of the SOA (model Thorlabs SOA1117S) is larger than the input signal from the SRL
that is amplified, such that the SOA is always operated in its linear gain regime. The SOA gain
depends on its pump current. For a SOA current of 0 mA, the SOA is strongly absorbing. For
SOA currents between 200 mA and 600 mA, the SOA gain increases approximately linearly
from 7.5 dB to 20 dB. The SOA will also generate amplified spontaneous emission (ASE) noise
that is injected only in the CW direction. The ASE power is 34 μW at 200 mA and increases
to 1.3 mW at a SOA current of 600 mA. This is much higher than the power emitted from
the SRL, but this ASE power is emitted at all wavelengths ranging from 1520nm to 1580nm.
Therefore, only a small amount of the ASE power is injected in the SRL’s lasing mode, which
we neglect in our analysis. The SOA is connected to port 1 of a circulator via an optical fiber.
The circulator transmits light from port 1 to port 2, which in its turn is connected to port D of
the SRL chip via a lensed optical fiber. Hence, the CCW directional mode of the SRL from
port A of the chip is re-injected in the CW direction through port D (i.e. cross-feedback). On
the contrary, the CCW mode coupled out from port D, is coupled out of the feedback loop by
the circulator and is used for characterization purposes. We note that in this setup, the CCW
mode is injected in the CW mode but not vice versa (asymmetric cross-feedback). Light from
port 3 of the circulator is detected by a fast photodiode connected to an oscilloscope. In order
to avoid optical feedback from the facets of the chip, the output waveguides are tilted by 10◦
with respect to the chip facets. Therefore, the fibers are angled at 32◦ with respect to the facet’s
normal. As the output waveguides at Ports A-D are fabricated from the same active material as
the ring waveguide, they will be highly absorbing. Therefore, an independent bias current IWG

is provided to the output waveguide of port D in order to increase the amount of light coupled
to the feedback section.

First we fix the injection current on the SOA (ISOA = 0.3 A) and we vary the pumping current
Ir on the SRL. In Fig. 3 we show typical time traces of the CCW mode of the SRL for three
different values of the pumping current Ir. Without feedback (i.e. for ISOA = 0mA), the SRL
operates in the unidirectional regime for pumping currents Ir larger than 40mA (not shown).
In accordance with previous work, we refer to unidirectional operation if one of the counter-
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Fig. 3. Time traces of the CCW mode. Parameters are (a) Ir = 42mA, ISOA= 300mA and
IWG = 10mA, (b) Ir =43mA, ISOA= 300mA and IWG = 10mA and (c) Ir = 44mA, ISOA=
300mA and IWG = 10mA. The temperature is stabilized at 23◦C.

propagating modes has much more intensity than the other mode [19, 20]. Measurements of
the optical spectrum (also not shown) confirm that the SRL lases in a single longitudinal mode
under all experimental conditions reported in this paper. If we set the laser current at 42mA
and turn on the feedback by changing the SOA current to 300mA (see Fig. 3a), square waves
appear with a period of approximately 122ns. This period is close to twice the round trip time in
the external cavity. In Figs. 3(b) and 3(c) we increase the laser current while keeping the SOA
current fixed. At a laser current of 43mA [see Fig. 3(b)], the square waves become slightly
irregular. This irregularity gets more pronounced as we further increase the pump current as
can be seen in Fig. 3(c) at an injection current of 44mA. In Fig. 3(c), the SRL sometimes
resides in the CW mode such that some of the square wave cycles are missed. Nevertheless,
when a square wave cycle is performed, this cycle still has the same shape and period as in Fig.
3(a).

A similar scenario is found when the pumping current Ir on the SRL is fixed and the feedback
strength is varied (by changing the current in the SOA) as can be seen from the time traces
presented in Fig. 4. Without feedback [see Fig. 4(a)], the SRL emits in the CCW direction. For
a SOA current in the range of 150mA-250mA, we observe [see Fig. 4(b)] regular square wave
intensity oscillations in the CCW mode’s output power. When we further increase the feedback
strength, we first see bursts of square waves surrounded by regions of CW emission [see Fig.
4(c)]. For even higher feedback strengths [see Fig. 4(d)], the SRL mostly resides in the CW
mode with some irregularly distributed pulses to the CCW mode.

3. Numerical results

In order to interpret our experimental results we assume that the SRL operates in a single trans-
verse and longitudinal mode and use a model formulated mathematically in terms of two rate
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Fig. 4. Time traces of the CCW mode. Parameters are Ir = 43 mA, IWG = 10mA, (a) ISOA =
0mA, (b) ISOA = 200mA, (c) ISOA = 400mA, and (d) ISOA = 500mA.

equations for the slowly varying amplitudes Ecw,ccw of the two counter-propagating modes and
one rate equation for the carrier number N. This two-mode model for a solitary SRL was ini-
tially proposed in [19, 21] and was used successfully to study optical injection in SRLs [22],
non-Arrhenius mode hopping [18], excitability [17] and multistability [16]. The model we con-
sider is given by

Ėccw = κ(1+ iα)(GccwN −1)Eccw − k(1+δk)eiφkEcw + F̃ccw, (1)

Ėcw = κ(1+ iα)(GcwN −1)Ecw − k(1−δk)eiφkEccw −ηeiθ Eccw(t − τ)+ F̃cw, (2)

Ṅ = γ
(
μ −N −NGcw|Ecw|2 −NGccw|Eccw|2

)
. (3)

In order to account for the delayed optical injection from the CCW mode in the CW mode,
we have included a delayed feedback term of Lang-Kobayashi type in Eq. (2) with feedback
strength η , feedback phase θ and delay time τ=50ns. Eqs. (1)-(3) contain two necessary in-
gredients to correctly describe the mode competition in SRLs [20]: backscattering and gain
saturation.

Backscattering of the counterpropagating modes can be caused by index variations within
the ring cavity, at the interface between the circular cavity and the straight coupling waveguide
and at the end facets of the output waveguides. These reflections result in a linear coupling
between the two fields. This backscattering is characterized by an amplitude k and a phase
φk. The intrinsic backscattering is, in general, asymmetric due to unavoidable imperfections
introduced during device fabrication. Moreover, asymmetries in backscattering are introduced
externally in our setup (see Fig. 1), such as reflections at the fiber tip at one side of the chip. An
asymmetry δk is therefore introduced in the backscattering amplitude, which in previous work
led to the prediction and eventual observance of excitability in SRLs [17]. A similar asymmetry
could be added in the backscattering phase, but does not alter the observed dynamics [23] and
is therefore not included in Eqs. (1)-(3)

Due to the linear backscattering, SRLs have the tendency to lase in a bidirectional mode.
Nevertheless, the two counter-propagating modes saturate both their own and each others gains
through spectral hole burning and carrier heating effects. These self- and cross-saturation effects
are essential to understand why SRLs can operate in a unidirectional regime. They can be added

#168754 - $15.00 USD Received 16 May 2012; revised 27 Jul 2012; accepted 12 Sep 2012; published 17 Sep 2012
(C) 2012 OSA 24 September 2012 / Vol. 20,  No. 20 / OPTICS EXPRESS  22509



1

1.75
Current μ

1.51.251

0.8

0.2

0.4

0.6

0
In

te
ns

ity

2

Fig. 5. Mode resolved optical intensity of the CW mode (|Ecw|2, green) and the CCW mode
(|Eccw|2, red) vs. injection current μ for a solitary SRL (η = 0) without noise (β = 0)
obtained by numerical integration of Eqs. (1)-(3). Full lines and dashed lines represent
different stable attractors.

phenomenologically and are modeled by s and c, as:

Gccw = 1− s|Eccw|2 − c|Ecw|2, (4)

Gcw = 1− s|Ecw|2 − c|Eccw|2. (5)

Finally, to match the numerical results with experiment, we have included additive Langevin
noise terms F̃cw,ccw with zero mean and < F̃i(t)F̃∗

j (t
′)>= 2βδi jNδ (t−t ′) with i, j = {cw,ccw}.

We would like to point out that the square wave oscillations are observed in the numerics
regardless of the presence of noise.

The remaining parameters in Eqs. (1)-(3) are the linewidth enhancement factor α , the
renormalized injection current μ , the field decay rate κ and the carrier inversion decay rate
γ . In accordance with previous experiments [23], we fix the parameters to the following
values: s=0.005, c=0.01,κ=100ns−1,γ=0.2ns−1, k=0.44ns−1, φk=1.5, α=3.5, δk=0.2 and β=5
10−5ns−1. In Fig. 5, we show the modal intensity, CCW in red and CW in green, as a func-
tion of injected current μ for a solitary SRL (η = 0) without noise (β = 0). The SRL achieves
lasing at μ ≈ 1. Above and close to the threshold, the SRL resides in the bidirectional regime
where it emits in both directional modes with comparable power. The CCW mode increases
more strongly than the CW mode with increasing injections current and above μ ≈ 1.3, the
CW mode’s power drops and the SRL enters the uni-directional regime where one of the direc-
tional modes is much stronger than the other. We also observe a regime of bistability starting at
currents higher than μ ≈ 1.8 (beyond the dashed line in Fig. 5). In this regime, emission with
high power in the CW mode becomes stable. Comparing Fig. 5 with Fig. 2, we can see that
there is a good correspondence between numerics and experimental behavior of the solitary
SRL, stressing the validity of the used parameter values.

In what follows, we will turn the delayed cross injection on (η > 0) and we choose the
feedback phase θ = φk. We will show later in Section 4 that the feedback phase -contrary
to EELs and VCSELs- influences the square wave behavior. Nevertheless, square waves are
observed for any feedback phase.

We start by keeping the injection current fixed (μ = 1.65), while analyzing the effect of the
feedback strength. Without feedback (η = 0), we find that due to asymmetric backscattering the
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SRL is mostly lasing in the CCW mode with occasional noise activated excitable excursions to
the CW mode [17]. Square wave oscillations are readily obtained when the feedback strength
overcomes the asymmetry in the device, i.e. η = 2kδk ≈ 0.18ns−1. In Fig. 6, we plot the in-
tensity of the CCW mode, |Eccw|2, for different amounts of feedback strength. When η is too
weak, the observed behavior is reminiscent of the solitary excitable SRL [see Fig. 6(a)] with
short excursions to the CW mode (corresponding to a low power in the CCW mode). However,
increasing η , we first observe in Fig. 6(b) noise excited excursions which resemble square wave
oscillations. Then, we find fully developed square waves for a range of η values [see Fig. 6(c)],
with a period of 110ns. When the feedback strength is increased further in Fig. 6(d), the square
wave oscillations degrade exhibiting stochastic hopping to a steady lasing CW mode. From a
certain feedback strength on, square wave oscillations no longer appear. We stress here, that
the regime of fully developed square wave oscillations (around η ≈ 0.18ns−1) is also obtained
in the absence of spontaneous emission noise (β = 0) in the numerics. Square waves are then
observed in a slightly narrower parameter region, but are nevertheless stable.

In Fig. 7, we investigate the effect of the injection current μ on the square wave behavior
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while the feedback strength is unaltered (η = 0.22ns−1). At low injection current, in Fig. 7(a),
we observe alternate oscillations which is a typical dynamical regime of a solitary SRL. The
CCW and CW mode oscillate in anti-phase at a frequency of about 100MHz. When the current
is increased, we find numerically a stochastic hopping between the aforementioned alternate
oscillation limit cycle and the square wave oscillations which have a clearly longer period [see
Fig. 7(b)] of approximately 110ns. Then follows an extended current regime where the square
waves are fully developed as in Fig. 7(c). Eventually, when μ is increased further, we observe
first a hopping between square wave oscillations and a steady lasing CW mode [in Fig. 7(d)],
and then a disappearance of the square waves in favor of the CW mode.

4. Discussion

Comparing the results from Sec. 2 and Sec. 3, we find a good agreement between experiments
and numerical simulation. The numerics show that the square waves are only obtained when
both backscattering (linear coupling) and gain saturation (nonlinear coupling) are present in the
model. Also, an asymmetry in backscattering is essential to obtain square wave behavior in a
certain parameter regime: when setting δk = 0 no square waves can be observed. This leads
us to conclude that the underlying mechanism for square wave oscillations is the interaction
between asymmetric backscattering (i.e. asymmetric linear coupling between the two counter-
propagating modes) and the delayed injection of one propagating mode into the other. Without
cross-injection, the asymmetry is such that it favors a higher intensity in the CCW mode than
in the CW mode. With delayed cross-injection, the low intensity CW mode will receive de-
layed feedback from the high intensity CCW mode. Effectively, the CW mode then perceives
a higher backscattering contribution to its field. As a result the energy between the modes will
be repartitioned such that the CW mode now has the higher intensity, while the CCW mode a
lower one. After one delay time, the power of the cross injection therefore drops and the SRL
returns to the original mode partitioning, leading to the square wave pattern. Because the main
mechanism is not relying on gain anisotropies, the two modes involved do not simply switch on
and off. Rather, the square wave phenomenon here is a periodic modal energy repartitioning.
Square waves then appear in a parameter region roughly in the vicinity of η = 2kδk, or when
the cross-injection overcomes the built-in asymmetry. If the feedback strength is too weak,
the cross-injection might simply bring the SRL in a bistable situation, where it will depend
on noise triggers if a square wave cycle will be excited or not. If the feedback strength is too
strong, it will effectively reverse the effect of the anisotropy and stabilize a mode partitioning
with higher intensity in the CW mode than in the CCW mode. There will be a lower limit on
the injection current needed to observe square waves, because at low currents the difference
in output power of the two directional modes is too small. For higher injection currents, the
higher output power and the gain saturation processes lead to bistable unidirectional operation,
hindering the formation of square waves.

The square waves have a duty cycle of about 50% and a period slightly larger than twice the
delay time (here: 110 ns). For higher injection currents and/or feedback strengths we see in the
simulations of Figs. 6(d) and 7(d) that the square waves disappear through a region in which
we can observe bursts of square waves. These apparent bursts of square waves originate from
stochastic hopping between a steady-state attractor of one of the uni-directional modes and
the square waves behavior. The irregularities observed in the time traces of Fig. 3(c) and Figs.
4(c) and 4(d) can be interpreted as such stochastic hoppings. In order to further experimentally
support these numerical observations, we plot in Fig. 8 additional time traces that were recorded
for a slightly different fiber alignment as compared to Section 2. In Fig. 8(a) regular square
waves are present. By increasing the SRL injection current as shown in Figs. 8(b) and 8(c), we
eventually reach the regime as predicted by the simulations in Fig. 6(d) where we observe bursts
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Fig. 8. Time traces of the CCW mode. Parameters are (a) Ir = 42mA, ISOA= 300mA and IWG
= 10mA, (b) Ir =43mA, ISOA= 300mA and IWG = 9mA and (c) Ir = 44mA, ISOA= 300mA
and IWG = 14mA. Remark that the intensity levels in the subfigures are slightly different
from each other because of the different waveguide currents.

of square waves due to hopping. Comparing Figs. 8(b) and 8(c) we can see that the residence
time of the uni-directional emission in this hopping region increases with increasing injection
currents, which is also in agreement with numerics.

In Ref. [9], the regular square wave switching dynamics was interpreted in terms of a two-
mode rate-equation model, which -however- showed that the square wave behavior is a transient
dynamics, sustainable by noise in experimental conditions. It has been shown in Ref. [10] that
by including self- and cross- gain saturation and a frequency detuning between the two (polar-
ization) modes in the modeling, stable square waves can be found in certain small parameter
regions. The transient dynamics of square wave switchings was also studied recently for two-
coupled VCSELs [24]. In the case of SRLs, we have investigated the transient properties of the
switching dynamics by analyzing Eqs. (1)-(3) without noise (β = 0). In Fig. 9, we show a typ-
ical time trace of the intensity of the two counter-propagating modes and of the total intensity.
The period of the oscillations in our setup is 110ns, which is slightly larger than twice the delay
time (τ = 50ns). Numerically, the square waves are obtained from random initial conditions
and once reached remain stable. The origin of the stabilization is yet unknown. One possibility
is the presence of the nonlinear gain processes in the model as in [10]. However, this cannot be
validated as without gain saturation square waves are not obtained (even with noise). A second
possible stabilization mechanism is related to the slow time scale dynamics in SRLs which is
due to the underlying Z2 symmetry of the device [16]. This slow time dynamics is apparent in
Fig. 9. The oscillations which accompany the switch from one mode to the other have a fre-
quency of about 120 MHz, a frequency which is associated to the alternate oscillations [which
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intensity (black) obtained by numerical integration of Eqs. (1)-(3) with η = 0.19ns−1, μ
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Fig. 10. Orbit diagrams of mode resolved intensity of the CCW mode (red) and CW mode
(green) vs. injection current μ obtained by numerical integration of Eqs. (1)-(3) with η =
0.22ns−1, θ = 1.5 and β =0. In (a) and (c), μ is ramped up, while in (b) and (d), it is
scanned downwards. SW: square waves. bi-Uni: bistable unidirectional regime.

were also shown in Fig. 7(a)]. The total intensity remains constant throughout the square wave
oscillations (showing only very minute deviations at a faster time scale related to the relaxation
oscillations) and, as such, the modal intensities of CW and CCW are highly anti-correlated.
Similarly, the carriers evolve hardly (not shown) and remain very close to the corresponding
steady state level. If the total power is conserved and when there is hardly any carrier dynamics,
we have motivated in [15,20] that the dynamical behavior of a solitary SRL is confined within a
slow (2D) center manifold and organized by a Takens-Bogdanov point with symmetry or with
weakly broken symmetry as in [17]. Therefore, the observation of a constant total intensity,
carrier level and alternate oscillations within the square wave oscillations, indicates that it is
this slow time dynamics that is involved in the formation of the square wave switchings.

In order to probe the onset and degradation of the square wave behavior, we will analyze
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orbit diagrams (sometimes also referred to as bifurcation diagrams). While scanning specific
parameters, we follow stable attractors obtained by numerical simulation of Eqs. (1)-(3) without
noise (β = 0). We will plot the extremes of the modal intensities of the CW and CCW modes.
In Fig. 10(a) and (c), we plot orbit diagrams of the mode resolved intensities of the CCW
mode (red) and the CW mode (green) when increasing the injection current. The delayed cross
feedback induces complex dynamics near threshold and when the current is increased, stabilizes
a bi-directional emission regime with near equal power in both modes at μ ≈ 1.2. Above μ ≈
1.3 alternate oscillations occur. For a small current region, this cycle develops quasi-periodic
behavior, but it eventually returns to its periodic state. Then square waves appear at μ ≈ 1.6
and disappear for slightly higher current at which the emission stabilizes with high power in the
CW mode. When performing the same analysis by ramping the current down [see Fig. 10(b)
and (d)], the square waves are observed in a much wider current range indicated by SW. This
indicates multistability between the square wave attractor, alternate oscillations and a stable CW
emission. It’s clear that above a current of μ ≈ 1.7, the SRL is bistable indicated by bi-Uni.

In Fig. 11, we again study orbit diagrams but now for varying feedback strength η . It is clear
that the square waves phenomenon has a lower and upper limit in feedback strength. The or-
bit diagrams of Figs. 11(a) and 11(c) show that the onset and degradation of the square waves
is accompanied by chaotic dynamics. However, if we add noise to the numerical simulations
this chaotic behavior is not observed. As observed in [25, 26], it is common that chaotic attrac-
tors in delayed feedback systems are influenced by noise and can even lose their stability. By
comparing Fig. 11(a) and 11(b), we can see that at low feedback strengths, the square waves
co-exist with stable emission with high power in the CCW mode. At higher feedback strengths,
the square waves co-exist with stable emission with high power in the CW mode.

In Fig. 12, we study the effect of the feedback phase on the stability of the square waves
dynamics. We would like to note that in EELs and VCSELs, the phase of the cross injection
does not play a role. However, in SRLs an effect of the feedback phase cannot be excluded as the
two counter-propagating modes are always phase locked through backscattering. Nevertheless,
from Fig. 12, it is clear that the square wave forms persist for any feedback phase θ . Even
more, the stable square wave attractor extends over several times 2π . If one would reduce this
entire solution to within an interval of length 2π , it is clear that the square wave behavior itself
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Fig. 12. Orbit diagrams of mode resolved intensity of the CCW mode (red) and CW mode
(green) vs. feedback phase θ obtained by numerical integration of Eqs. (1)-(3) with μ =
1.65, η = 0.22ns−1 and β =0.

is multistable, with different families of square waves co-existing at the same feedback phase.
In summary, we have shown that stable square-wave oscillations can be invoked in SRLs

using delayed optical cross-feedback. Numerical modeling based on rate equations nicely re-
produces the experimental findings. Moreover, from the theoretical analysis, we can conclude
that an asymmetry in the backscattering is needed. Square waves then appear in a parame-
ter region where the cross-feedback overcompensates the internal asymmetry. Square waves
then correspond to a periodic slow repartitioning of modal energies. The unique features of
the square wave regime and how it depends on injection current, feedback (or cross-injection)
strength and feedback phase have been further scrutinized by bifurcation analysis. This reveals
that multistable square wave forms can exist and that the square waves typically appear and
disappear through a mode-hopping region, in which the square wave solution exists together
with other steady states.
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