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Abstract

In this thesis we will study the finite element method to approximate the
solution of differential equations. We are mainly interested in convection-
dominated problems where the finite element solution is not stable. According
to the finite element method, the differential equations are classified into
convection and diffusion dominated problems using some dimensionless

parametric measures such as the Peclet and Damkohler numbers.

For diffusion-dominated problems, we imploy the usual finite element
method (FEM) but for convection-dominated problems, which are the major
concern of this work, stable FEMs are required such as streamline upwind
Petrov-Galerkin method (SUPG) and artificial diffusion method(ADM).
These two methods provides more accurate and stable solution compared
with the usual FEM when applied to convection-dominated problems. The
mechanism of SUPG and ADM is to create sufficient diffusion term with size
controlled by stability parameters, the diffusion term enhances the numerical

solution and omits the spurious oscillations.
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Chapter 1
Introduction

In this thesis we discuses the finite element method to approximate solutions
to differential equations. The main goal is to find stable solutions to differ-
ential equations that are dominated by convection terms. In this issue, any
partial differential equation is classified either as diffusion-dominated prob-
lem or convection-dominated problem. For that, in this work the following

problem is considered:

—eAu+ B.Vu+cu = f, in Q, (1.1)

u=gq, on I

where () is a domain in R” with boundary TI'.

€ : is a small parameter.

[,c > 0:are a functions depends on =

f : is the source function.

The operators V and A are the first and second derivatives respectively.

For the classifications of this problem, dimensionless numbers such as Peclet
number: Pe = % and Damkohler number: Da = \%LI are considered, where h is
the element size, to determine whether the problem is convection-dominated
or diffusion-dominated.

If Pe > 1, then equation (1.1) is convection - dominated problem. On the other
hand, if Pe <1, then equation (1.1) is diffusion-dominated problem and has a
stable finite element solution.

If equation (1.1) is convection dominated, then the finite element solution is

not stable and we use the stabilized finite element methods to improve this



numerical solution such as the streamline upwind Petrov-Galerkin method
(SUPG) and the artificial diffusion method (ADM). The SUPG is same as of
usual finite element method (FEM) but the test function has a small modifi-
cation in the form v + 7v’, where 7 is a small parameter depends on h, called
a stability parameter.

The basic idea of the ADM is the addition of an artificial term (v’ , 7v’), where
T is a stability parameter depends on h, different from that of the SUPG. The
stability parameter of the SUPG is given by

h 1
T = E(coth(Pe) — P—e),

and the stability parameter of the ADM is

Lk
=R

In Chapter two we talk about a history of the FEM, advantages and disad-
vantages of the FEM, and the finite element spaces. Also, types of boundary
conditions, and the procedure of the FEM in one and two dimensions are
discussed. In Chapter three, diffusion dominated and convection dominated
problems are distinguished. Moreover, stability methods such as SUPG and
ADM are discussed, and the coth formula of the stabilization parameter 7 is
derived.

In Chapter four, we use MATLAB software to discuss the numerical solu-
tion obtained by the usual FEM and the numerical solution obtained by the
stabilized methods.



Chapter 2

The Finite element method (FEM)

2.1 History of the FEM

In this section we talk about the history of the FEM and some of its advantages and
disadvantages.
The beginnings of the FEM were actually lunched in the mid-1950s, where efforts to
solve continuum problems in elasticity using small discrete element to describe the overall
behavior of simple elastic bars were devoted.
Technically, Galerkins method is a subset of the general weighted residuals procedure and
in the case of Galerkins method, the weights are chosen to be the same as the functions
used to define the unknown variables.
Recently, most practitioners of the finite element method now employ Galerkins method

to establish the approximations of the governing equations, see [24].

2.1.1 Some advantages of the FEM

The FEM has a lot of usefullness such as boundary conditions can be easily incorpo-
rated in it, different types of material properties can be easily accommodated in modeling
from element to element or even within an element, higher order elements may be im-
plemented. The FEM is widely popular among engineering community. Besides that,
availability of large number of computer software packages and literature makes the FEM

a versatile and powerful numerical method, see [19].



2.1.2 Some disadvantages of the FEM

Finite element method has also some of disadvantages, for example large amount
of data is required as input for the mesh used in terms of nodal connectivity and other
parameters depending on the problem. It requires a digital computer and fairly extensive,

and the output result will vary considerably, [19].

2.2 Inner product and the finite element spaces

Definition 2.1 (Inner product). A function (.,.) : R x R" — R is an inner product

if:
o (£,2) >0, and(z,z)=0 < x=0. (positivity)
o (z,y) = (v, 7). (symmetry)
o (r+y,2)=(z,2)+ (y,2). (additivity)
e (rz,y) =r(z,y), VrekR (homogeneity)

Example 2.1.  The standard inner product of x and y in R" is (z,y) = 2Ty = >_ z;y;.
Definition 2.2 (Norms). A function ||.||: R* — R is a norm if :

o ||z]| >0, and ||z]| =0 <= x =0. (Positivity)

e |[laz|| = |a|||z]|, VaeR. (Homogenity)
o ||z +yl| < |zl + [|y]l- (Triangle inequality)
Example 2.2.

(1) The 2-norm: ||z|| = />, 2.
(2) The 1-norm: |||y = >, |z
(3) The inf-norm: ||z||s = maz|z;|.

1
(4) The p-norm: ||z||, = O, |zilP)?, p>1, see e.g. [6].



Theorem 2.1 (Cauchy-Schwarz inequality). For z,y € R”,

(@, y)| < [l[[lyl],
where ||z|| = \/(x, ) is the length of x .
Definition 2.3. A matriz A € S™" is

e positive semidefinite if :
2TAx >0, VzeR™

e positive definite if :
2TAz >0, Vo eR" x#0.

e negative semidefinite if —A is positive semidefinite.
e negative definite if —A is positive definite.
Theorem 2.2. If A is symmetric, then
o A is positive semidefinite <= all eigenvalues of A are nonnegative.
e A is positive definite <= all eigenvalues of A are positive, see[4).
Remark 2.1. IfV is a linear space, then we say that L is a linear form on V if
(1) L:V — R, ie, Llv)eR YveV.

(2) L is linear i.e., Vo,w € V and 3,0 € R,
L(Bv + 6w) = BL(v) + 0 L(w).

Remark 2.2. We say that a(.,.) is a bilinear form on V x V if
(1) a:V xV = Rie., a(v,w) € R,Vo,weV
(2) a is linear in each argument i.e., Yu,v,w € V and 3,0 € R we have

(a) a(u, fv + Ow) = Ba(u,v) + da(u, w).
(b) a(Bu+ v, w) = fa(u, w) + Oa(v, w).



Also, the bilinear form a(.,.) on V' x V is said to be symmetric if a(u,v) = a(v,u),
Yu,u € v.
A symmetric bilinear form a(.,.) on V' x V is said to be scalar product on V' if a(v,u) >
0,Yvo eV, wv#0,see [18].
The norm ||.||, associated with a scalar product af(.,.) is defined by

Iv]le = (a(v,v)2, Yo eV.

Definition 2.4. A sequence vy, vq,vs, .... in the space V' with norm ||.|| is said to be a
Cauchy sequence if for all € > 0, there is a natural number N € N such that ||v; — v;|| <

€, forall i,j > N. Furthermore v; converges to v if ||v; — v|| — 0 as i — 0.

A linear space V' is said to be complete if every Cauchy sequence with respect to ||.|
is convergent in V.
A linear space V' with a scalar product and corresponding norm ||.|| is said to be a Hilbert

space if V is complete.

2.2.1 The Hilbert spaces Ly(92), H(Q2) and H} ().

When giving variational formulation of boundary value problems for partial differential
equations, it is very useful to work with function space V', that are slightly larger than
the spaces of continuous functions with piecewise continuous derivatives, see [7], V will be
a Hilbert space. In one-dimensional case, if I = (a,b) is an interval, we define the space

of square integrable functions on I:
Ly(I) ={v:v isdefined on I and [, v* dx < oo}

The space Ly(I) is a Hilbert space, with scalar product(u,v) = [; uv do and corresponding

norm ” Ly — norm”:
[0llzo) = (Jyv?.de)z = (v,0)2.
We introduce the space:
HY(I) = {v: v and v’ belong to Ly(I)},

which is also a Hilbert space with the scalar product (u,v)gi;) = [,(uv + «'v') dz and

corresponding norm :

o]l = (f;(0* + (v')?) da)=.



Furthermore, the space
H}(I)={ve H(I):v(a) = v(b) =0}

is also a Hilbert space with the same scalar product and norm as for H'(I).

Now if € is a bounded domain in R?,d = 2 or 3, we define
Ly(Q2) = {v : v is defined on Q and [, v* dx < oo},
HY(Q) ={v e Ly(Q): g% € Ly(Q), i=1,2,....d}.

And the corresponding scalar products and norms :

(u,v) :/uvdx.
Q
lollisey = ( [ %)
0
(U, ) 1) = /(uv + Vu.Vu)dz.
Q

lollin = (| (02 + [V0)da):
We also define
Hi(Q) ={ve H(Q):v=0on 00},

where 0 is the boundary of Q with scalar product and norm as for H'(Q), see [18].

2.2.2 Boundary conditions
There are three classes of boundary conditions:

(a) Dirichlet boundary condition:

The value of the dependent variable is specified on the boundary.

(b) Neumman boundary condition:

The normal derivative of the dependent variable is specified on the boundary .

(c) Cauchy boundary condition:
Both the value and the normal derivative of the dependent variable are specified on

the boundary.



(d) Robin boundary conditions:
A linear combination of the value of the dependent variable and its normal derivative

is specified on the boundary, see [9].

2.3 One-dimension FEM

Modeling;:
Let us consider the following mathematical model of a stationary reaction- diffusion pro-

cess involving a single substance,

—(au) 4 cu = f, T < < Ty,

a(z1)u'(z1)

—a(z,)u' ()

7@1)(“@1) - QD(xl)) + gn(21),
'Y(In) (u(xn) - gD(xn)) + gN(ﬁn)a

where u(z), denoting the concentration of the substance, is the unknown function that

we wish to compute. The following functions are data to the problem:

a(x) : diffusion coefficient. (a(z) > 0).

c(x) : rate coefficient factor. (c(z) > 0).

f(z) : source function.

v(x1),v(z,) : permeability at the end points. (7 > O).

gp(z1), gp(x,) : ambient concentration factor.

gn (1), gy () : externally induced flux through the boundary.

To solve any boundary value problem (BVP) using the FEM, one rephrases the original
boundary value problem in its weak form, we recall this step by 'variational formulation’.
The second step is the discretization, where the weak form is discretized in a finite

dimensional space.

(1) Variational formulation
To derive the variational formulation of the previous boundary value problem, see

[22], we multiply it by a test function v and integrate over the domain (x1,x,),

—/ (au')'vdm+/ cuvdxz/ fudz. (2.1)

Integrate by parts to get



—(au')v ﬁ;l—i-/ au’v’dx—i—/ cuvdx:/ fudz.
x1

1 1

Applying the boundary condition gives

(2 (wle) = gnfn)) + gt )oln) + (3e0) i) = gofn)) + g (o) Jo(or) +

+/ au'v’ d:r—l—/ cuvda::/ fuda.
T z1 1

Rearranging the terms so that the quantities with the unknown function appear on
the left-hand side, and the given data are on the right-hand side,

Tn

V(@) u(xn)v(z,) + v (z1)u(zr)v(xy) + /xn au'v'dx + / cuv dx

1 1

=(v(@n)gp(20) — gn(x0))v(zn) + (V(21)gp (1) — g (21))0(21) + /x" Judz.

Thus, we have the following variational formulation

Find u(z) € H'([z1,2,]), such that

In

Y(@n)u(zy)v(zy,) + y(21)u(z)v(z) + /m avu'v'dx —I—/ cuvdx

1 x1

— (1(@n)90(@a) — g (@) 0lan) + (VEn)gp () — g () o(a1) + / " fude,

1

Yo € H ([x1, z,)).

Discretization
Introduce the vector space Vj, of continuous piecewise linear functions on the par-
tition x; < 9 < ... < x, of [z1,x,]. To discretize the problem, let U € V}, be an



approximation of u in the variational formulation equation

In

Y(xn)U(xn)v(xy) + v(21)U(21)v(2r) + /xn aU'V' dx +/ cUv dz (2.2)

1 1

= (2(an)goln) = (@) o(en) + (or)go(er) - gxlen))ote) + [ foda,
1
Yv € V.
Now, U(z) can be expressed as a linear combination of the basis {¢;}"; of V},

these basis functions are linear and known as hat functions and defined by ¢;(z;) =

J

i,7 =1,2,...,n, where ¢;; denotes the Kronecker delta function defined as

1 ifi=j
0ij = e
0 ifs#j,

R

and
T—T;—1
o Tl < T <@,
. Tij41—T
©; Zth y i < T < Ty,
0, 0.W.
Where,
hi =z —xi
and
hiv1 = xip1 — @
Hence,

Ula) = > (e, (23

where &; = U(z;) is the unknown value of U at the nodal point z;,

thus, we seek to determine the coefficient vector

&1 U(x)
= &2 _ U(:iUQ
&n U(zn)

10



Now, substitute (2.3) in equation (2.2) to obtain

)t a) +A(a)Erv(m) + Zf s [ eppas] (24)

1 1

_ (7(%)9]}(%) - QN(a:n))v(xn) + (”Y(xl)gp(xl) - gN(wl))v(:vl) + /:n fodz,
Yv € V.

n
1=

Since {p;}", is a basis of V}, and v € V},, then we may assume v = @; in (2.4)

7(%)&%(%)+7(w1)€190i(661)+25j{/ n(w;wi; dw+/ e dw} (2.5)

j=1 71

= (stmanten) = axten) o) + (stean(en) — avten) e + [ o o

1=1,2,...,n,

which is a quadratic system of n linear equations and n unknowns.

In matrix form, this is read as:

[A+ M.+ RJ§ = b+,

where

A = [a;;] : is the stiffness matrix;
Tn
a; = / aypid.
Z1
M, = [me,] : is the mass matrix;

My, :/ cpjpidz.

z1

bi:/ "f%dﬂf-

R : contains the boundary contribution to the system matrix.

b = [b;] : is the load vector;

rv : contains the boundary contribution to the right hand side.

11



We conclude that the FEM makes use of a spatial discretization and a weighted residual
formulation to arrive at a system of matrix equations, where the solution of the matrix

equations gives an approximate solution to the original boundary value problem, see, e.g.,

[5]-
Example 2.3. Consider the following BVP:

—u"(x) = f(z), 0<z<1,
u(0) = u(1) =0

I~

(1) To derive the variational formulation of the previous boundary value problem, we

multiply it by a test function v and integrate over (0, 1)

—/0 u”’(z)v(x) dx:/o f(z)v(x) dx.
Integration by parts yields
—u’(x)v(x)]é%—/() o' (x)v' () de :/0 f(x)v(z) dx. (2.6)

Since w is given on the boundaries, then v is chosen so that

Now, introduce the notation

1
(u,v) :/ u(z)v(z)dz.
0
Hence equation (2.6) becomes

(W', vy = (f,v). (2.7)

We also introduce the linear space

V = {v : v is continuous on [0, 1],v" is piecewise continuous and bounded on [0, 1]
and v(0) = v(1) = 0}.

Consider the linear functional

F:V — R given by:

F() = 50,0y = (f,0) (2.8)



We need to define these two problems

(i) Minimization problem:
Find u € V such that F(u) < F(v), for all v € V.

(ii) Variational formulation:
Find u € V such that (u/,v") = (f,v), for all v € V.

We would like to show that if u is a solution of (i7) then it is also a solution of (7).
Let veVand w =v —u.

=sv=w+u and weV.

Hence,

F(v)=F(u+ w),

=1+ v+ ) — (f,u+w),

= () = (f,u) + (v, w') = (f,w) + 3w, w'),

> (W, W) = (fiu) + 04 0= F(u),

since (v, w') — (f,w) = 0 and (w',w’) > 0. This means F(u) < F(v) Vv €V, thus
We also need to prove that (i) has a unique solution on V.

Suppose that u; and usy are solutions of (i), then

(uy, vy = (f,v), forall velV, (2.9)
. and

(ug, v"y = (f,v), for all v eV, (2.10)
where
u,up € V.

Subtracting equations (2.9) and (2.10) and choosing v = u; — uy € V', we get

1
| = =0,
0
= uy —uh = (u; —uz) =0,
= (u1 — uz)l(x) =0, for all z € [0,1],

= (u1 — us)(z) is constant on [0, 1].

13



Since

ul(O) = UQ(O) = 0,
= (ug —ug)(z) =0,
= uy(r) = ug(x), for all z € [0, 1].

Hence, (ii) has a unique solution on V.

Discretization:
Find U € V}, where V}, is a subspace of the vector space V', such that

({U',v') = {f,v), for all v € V.

Now, consider {p;}° to be a basis of the before-defined hat functions of Vj,

then
Nnodes

U(z) = Z &ij().

By substituting U, equation (2.7) becomes

Nnodes

> &) = (o).

But {p; }N1des forms a basis for Vj,, so we may set v = ¢;,i = 1,2, ..., N nodes,

Nnodes

Jj=1

In matrix form, this reads
Ag =,

where

A:isan N x N matrix with elements a;; = (¢}, ¢;) called a stiffness matrix.
€ [&,&,....,En] is the unknowns vector.

b:[b1,ba,....,bx]| with b; = (f, ;) called the load vector.

14



% Note that:
(1) A s a tri-diagonal matrix, i.e. only the elements in the main diagonal and the
two adjoining diagonals may be different from zero.
(2) A is symmetric.

3) A is positive definite, hence the eigenvalues of A are strictly positive, and
g y
since a positive definite matrix is non-singular it follows that the linear system

A& = b has a unique solution.

(4) A is sparse, i.e. only a few elements of A are different from zero.

2.3.1 The element integrals of the finite element matrices

Consider the partition zg, x1, ...., z, of an interval [a, b], consider the linear basis functions

on this partition:

T—Tj—-1
o Tl < T <1y,
_ Tit1—% -
0; = Zth L <X < Tjy1, 1=1,2,....n—1,
0, 0.W,
where,
hi = x; — x4
and
hivi = xip1 — x;
LT—Tn—-1 l‘n—l << xn
90 _ hn ) b
" =
0, 0.W,
and

xr1—x
B 1hl ,To < x < Ty,
Yo =
0, 0.W.

% Stiffness matrix; A = [a;]

The stiffness matrix A with linear basis functions obeys the following

Q5 = / 90290; dz,
Q

a;; = 01if [j —i| > 1 since p;¢; =0 if |7 —i| > 1,

15



o j—i=0 = =i
eOrj—i=1 —j=i+1.

eOrj—i=—1—j=i—1.

ifj=1:
- Tit1
Qi = / 902902 dr,
Ti—1
NI e
[ / _
ifj=i+1:
iit1 = / 801+1<Pz dz,
Q
Ti+1 1
dr = — )
/ hiy1 hz—l-l hit1
ifj=1—1:

Qi— 1—/§01 1%01 dl’
Q

1

Hence, the stiffness matrix A is given by:

1 1
h1 ha 0
1 1 1
A—| Th W TR
. . _L
Lt
1 1
0 T

16




% Mass matrix ; M = [m;]:

When j =i
When j =i+ 1:
When j=:¢—1:

mi; = / ©ip; d,
0

mi; = / ©ip; dx,
Q

x; x; 2 T;
Y N N C ey N G
XTi—1 Ti—1 7 x; 1+1

N n hig hit hin
3Rz 3%, 3

miiy1 = / Pi+1Pi dx,
Q

Tit1 Tl _ . R
:/ Pit+1Pi d:v:/ (z = @) @1 — ) dzx,

hiJrl hi+1

i i

_ #ﬂ /xi-s-l (z — z;) [(%‘—i—l — ;) + (z; — :E)} dz,

T

1 Tit1
= h2—/ [hi+1(I — [L’Z) — (I — CCZ)Q] d.T,

1+1 Jzx;
2 3
1 ('7; _ :CZ) Ti+1 1 (:C - xl) Ti41
- T; 2 T;
hi+1 2 h'i+1 3

hipn hipr hig

2 3 6

R
m;i—1 = Pi—19; dr = g,
Q

17

2
) dx,



Thus, the mass matrix has the form

b ke
3 6 O
ha  hiths
M=|6 3
: . 6
hn  hn
0 6 3

When h; = hj, Vi, j " Uniform partition”, the mass matrix M becomes

[\
—
(@]

When j =i :

Tit1
Cii = / @;@i dz,

Ti—1

ZT; Ti41
=/ %%M+/ Qi da,
XTj—1 XT;

11— K3

T LR
x x h ’

i h; ; i1 higr

1 @—wia) 1 (i —2)*
- €Ty Y

When j =i+ 1:




1 (2 —x)?

- _ Tit1
h? 4 2 v
1
=5
When j=4¢—-1:
Titl
Cz i—1 — / @;71% dIa
Ti_1
T 1 (x— i)
= - d
L (z—xi)? 1
TR 2 lma T Ty
Hence,
1
0 1 0
1 .
c=| 2
T2
1
0 -1

When j =1

1

When j =i+ 1:

Tit1
Ci,iJrl = / %H%DZ- dz,
— . — x,
z; hia iy

hi—i—l

dx,



When j=4¢—-1:

x4
/
Cz’,z'—1 = / Yi—1¥; dx,
Ti—1

Therefore,

o ... 1 0
Example 2.4. Let o and § be positive constants. Give the piecewise linear finite element
approximation procedure and derive the corresponding stiffness matrix, mass matriz, and

load vector using the uniform mesh size h = }l for the problem:

—u"(x) +u(z) =1, x € (0,1), (2.11)

Solution:
Multiply equation (2.11) by a test function v, such that v(0) = 0, and integrate over

Q=(0,1). 1 1 1
—u'v|§ + / u'v'dx + / uvdr = / vdzx,
0 0 0

1 1 1
—u/(1)v(1) +/ u'v'd:v—l—/ uvdx —/ vdx,
0 0 0

1 1 1
= / u'v'dx + / wvdr = / vdx + fo(1). (2.12)
0 0 0

FindueV ={w: fol(w2 + w?)dr < oo and w(0) = «a}, such that equation (2.12) holds
VYo € VO, where
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VO ={v: [}(v>+v?) dx < oo and v(0) = 0}.
Let V,, C V be a finite subspace of linear functions spanned by the linear basis functions

on the partition x; = jh = %,j =0,1,2,3,4.
4 4
U= &oj=%po+ Y &)
3=0 j=1

4
= Qo + Z £
j=1

Consider an approximation U € V}, of u, thus

4
Substitute U = apqg + ijgoj in equation (2.12) and take v = ;.
j=1

1 4 1
/ o)+ ng% ol + / ag+ Y Gevds = [ puds+ Bai),

=1 0

4 1 1
:>Z(/ pipd) 5]—1—2/ ipidr); = 04/ gpé(pgdx—a/ wopidr +  (2.13)
o 0 0
1
/ pidr + Bpi(1).
0

The integrals [ wipidr, i, j=1,2,3,4 is a 4 x 4 stiffness matrix given by

8 —4 0 O
—4 —

. 8 4 0
0 -4 8 -4
0 0 -4 4

The integrals fQ wipidr,i,7 =1,2,3,4 is a 4 X 4 mass matrix given by

4100
11141
M=— X
24101 4 1

001 2
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The load vector b is

—x fol Popidr — o fol poprdr + fol prdr
fol pad
fol padx
fol @adx + Bps(1)

4
1

I

Note that ¢4 is a half basis, thus

1 1 1
/ go4dx:—/ prdr =
0 2 Jo

Using the above matrices, equation (2.13) is written in the following form,

1

1
4

DN —

[A+ M]¢ =b.

where € = [£1,&2,&5,84)T -

2.4 Two-dimension finite element method

Before starting, the following formula, [9] is considered as the corresponding rule of inte-
grating by part in one dimension:

% Green’s Formula:

/vada:: a—wvds—i-/Vw.Vvd:U,
Q Q

a0 on
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where

ow ow oOw ow ow
= = 5— n1($1,$2),n2($1,$2)) = —n; + Ny,

0y 0s
and
n = (ny,ns) is the outword unite normal to 0 at the point (xy,z2).

e Modeling Problem:

As an example, we consider the following mathematical model of a stationary reaction-

diffusion process involving a single substance

~V.(aVu) + cu = f, = (21,29) € Q CR?
—n.(aVu) = y(u — gp) + gn, r = (x1,22) € 09,

where
u = u(xy, ), denoting the concentration of the substance, is the unknown function that
we wish to compute.

The following functions are data to the problem

a(xy,z2) 1 — R diffusion coefficient. (a(azl, T9) > 0)
c(xy,z2) : Q — R rate coefficient. (c(z1,22) > 0)
f(z1,29) 0 ©Q — R source cofactor.

v(x1,z9) 0 02 — R permeability of the boundary. (7(371, T9) > O)
gp(r1,72) : 02 — R ambient concentration.
gn(z1,22) : 00 — R externally induced flux through the boundary.

e To derive the variational formulation of the above equation, we multiply the

differential equation by a test function v = v(xy, z2) and integrate over 2

—// V.(aVu)vdxlda:2+// cuvdridry = // fudxidxs,
Q Q Q

0 ou 0 ou
- //Q 014 (a3x1) + 0T (aﬁxg)vdxldm T //Q cuvdrydry = //Q fodzidz,.

Employing the Green’s formula to get
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ou 3u 81} 8u ov
— (a—m + a—n2 Juds + Jvdaydxs +
axl 8x1 81:1 81’2 5’x2

+// cuvdzdxs :/ fodxidzs,
Q Q

or,

/ (n.(aVu)v)ds + // aVu.Vu.dx, dry + // cuvdzydry
o9 0
/ / fudridrxs.

Use the boundary condition —n.(aVu) = vy(u — gp) + gn. To obtain

/ ~yuvds + // aVu.Vodridry + // cuvdxdxs :/ (vgp — gn)vds +
a0 Q Q 0
+// fodridxs.

Q

Now, find u € V' such that

/ ~yuvds + // aVu.Vudridrs + // cuvdridz,y :/ (vgp — gn)vds +
o0 Q Q o0

+ / f'l}dl'ldilig,
Q

Yv eV,
where V' is some admissible vector space of functions that are sufficient to the

integrals above to exist.

Discretization :
Find U € V,, such that
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/ fvads—i-// aVU.Vvda:ld:cg—l—// cUvdz dxy (2.14)
a0 Q Q

:/ (’VQD_QN)UdS—i-// fvdzridx,,
o0 Q

Yv € V,, where V,, C V be a finite subspace of linear functions spanned by the
linear basis functions.
Let {¢;}¥1°ds he the basis of linear functions (tent functions) of Vj, defined by

1 ifi=j
#i(Ns) = 0 {0 if i # j.

Now, U € V}, means that
N
= U(l’l, 332) = ij@j((]?l, 1'2), (215)
j=1

where N is the number of mesh nodes. Substitute (2.15) in equation (2.14) to get

N
Zﬁj[/ vgojvds—I—// anpj.Vvdxldx2+// cpjudridrs]
j:1 o0 (9] Q

:/ (”YQD—QN)vds—i-// fodxidzs.
0N Q

Since {¢; }¥1odes is a basis of Vj, then we may assume v = ¢;,i = 1,2,...., N, in the
above equation.

N

Zgj[/ ’)/QOJQOzdS + // CLV(,OJVQOZdIldI‘Q +// CQOJQPZdZL’ld.%Q}

= 00 Q Q

o Q

In matrix form, this reads

(R+A+ M), =rv+Db,
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R = r;] : contains the boundary contributions to the system matrix.
A = [a;] : is the stiffness matrix.
M = [my;] : is the mass matrix.

= [rv;] : contains the boundary contributions to the right-hand sides.
b =[] : is the load vector.

Each of these matrices are defined below

Tz’j:/ Ypipids.

// aV;Vdrides.
:// cpjpidridrs.
Q

rv; = / (vgp — gn)pids.

bi —//fgpzdxlde

Example 2.5 (Poisson equation). Let us consider the Poisson equation with homoge-
nous Dirichlet boundary condition :

—Au(x) = f(x), forxz e,
u(z) =0, for x € 05,

where Q) is a bounded domain in R? with polygonal boundary OS).

e Variational formulation :

Multiply the differential equation by a test function v = wv(xy,z5) and integrate
over ) :

/ fvdridrs = —/ Au.vdridzs.
Q Q

Use the Green’s formula to get

/ fvdridry = — // Au.vdxidrs,
Q Q
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0
= _/ (3_;1n1+8_$2n2 Ud8+// Vu.Vudridx,.
oN

Since wu is given on 02, then v = 0 on 0f2, and the above equation becomes

/ fvdridry = —/ Vu.Voudridzs.
Q Q

Thus, the variational formulations is to find u € V' such that

/ fvdridrs = —/ Vu.Vvdridry, Yv eV,
Q Q

where

V:{v:/(|Vv|2+v2) dr < oo and v = 0 on 00Q}.
Q

In scalar product notation, find v € V' such that

(Vu, Vv) = (f,v), YoeV,

where
(Vu,Vov) = // Vu.Vu.dzdz,.
0

v) :/ fodxidz,.
Q

Discretization:
Find U € V}, such that
(VU,Vv) = (f,v), Yu € Vp, (2.16)

where V,, C V be a finite subspace of linear functions spanned by the linear basis
functions.

As before, let {p;}}, be a basis of V},, M is the number of internal nodes.
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If U €V, then U = Zj\il &;p;. Substitute U in equation (2.16) to get

M
> (Ve Vo) = (f,v), Vv €V
=1

Choosing v = ¢;,1 = 1,2, ...., M, yields

M
Z V%:V% <f7 Q01>
7j=1

This is equivalent to the linear system of equations

AL = b,

where

A = [a;;] is the stiffness matrix with elements a;; = (Vg;, V).

b = [b;] is the load vector with elements b; = (f, ¢;).

¢ = [&] is the unknown vector with elements £ = [£1, &, ..., &,]. That we want to

solve for.
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Chapter 3

Stabilized methods for convection

dominated problems

3.1 Diffusion dominated and convection dominated

problems

We begin by considering the stationary scalar linear convection-diffusion problem of the

form:

—eAu+ B.Vu + cu = f, in €,

u =g, on I,

where

Q) : is a boundary domain in R™ with boundary I" .
€ : is a small parameter.

B,c > 0: are a functions depends on z.

f :is a source function.

The relative size of € and [ govern the qualitative nature of equation (3.1).

(3.1)

o If * is small (e << ), then equation (3.1) is convection-dominated and has

|8l
hyperbolic character.

o If < is not small (B << €), then equation (3.1) is diffusion-dominated and has

Ie

elliptic character, see [10].
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If equation (3.1) is diffusion-dominated, then its numerical solution is stable, and when
it is convection-dominated then the numerical solution is not stable, see [17, 2].
In this situation it is sufficient to study some fundamental dimensionless numbers that

characterize the solution such as Peclet and Damkohler numbers, where

Pe = W,
2¢
ch

Da = —,
I

where h is the element size, see [3].
when Pe > 1, then equation (3.1) is convection-dominated problem, otherwise, if Pe <1,

then equation (3.1) is diffusion-dominated problem , see, e.g., [20].

Example 3.1.
—(5u") (z) =0, x € (0,1), (3.2)

—50/(0) + 3(u(0) — 2) =0,

u(l) =0.
Note that, Pe = |B2\6~h = 20('—5})‘) = 0. Since Pe < 1, then this problem is diffusion-
dominated.

Let us calculate the usual FEM approximation U for the problem with n = 3. Firstly,
multiplying equation (3.2) by a test function v such that v(1) = 0 and integrating over

= (0,1) yields
1 1
—/ (5u')'v dox = / 0(v) dx,
0 0

1
—(5u)vl§ + / Su'v’ dx =0,
0
1

—5u'(1)v(1) 4+ 5u'(0)v(0) + /0 Su'v' dx =0,

3(u(0) — 2)v(0) + /01 5u'v” dx = 0. (3.3)

The variational formulation is to find u € H' such that u(1) = 0 and equation (3.3) holds
Vo € H' with v(1) = 0.
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To discretize the problem, let U € V,, C H', where V}, is a finite subspace on the partition

2o =0,21 = 3,22 = 3, and a3 = 1, spanned by {¢;}?_, hence
3
U=> &%
=0

§505 + E303,

I
NE

<
Il
o

[\

= gj(pja
=0

this because & = U(x3) = U(1) = 0. Take v = ;,7 = 0, 1,2, in equation (3.3)

[\

1
3(&0 — 2)pi(zo) + 5ij/0 @il dx = 0.

J=0

In matrix form, we have

3¢ — 6 . 1 -1 0 & 0
0 +5.5. -1 2 -1 & l=10
0 3 0 —1 2 & 0
3¢ — 6 4+ 15&, — 156, = 0. (3.4)
—15&0 + 306, — 15&, = 0. (3.5)
—15&, + 30&, = 0. (3.6)

The solution of this system of linear equation is

3 1 1
50_17 51_57 52_1

3

4

1

=7

4

0

Hence, the FEM solution is
U 3 n 1 n 1
= 4900 2901 4<P2-
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But, what about the convection-dominated problems case ?

When the Peclet number is greater than one, then the usual FEM produces oscillations
in the approximated solution, and thus the results are not accurate.

Therefore, the usual FEM can not be applied to solve a convection-dominated problem,
and we turn to use other methods to solve such type of problems. To this end, to un-
derstand the instability of the usual FEM solution to the convection-dominated problem,
and to figure out how the stabilized method provide much better solution, we consider

the following fundamental example

—ku” + pu’ + qu = =, x € (0,1), (3.7)

where k,p and ¢ are arbitrary nonzero constants.
The values of k,p and ¢ are choosen to be arbitrary nonzero constants in order to vary
Problem (3.7) to be convection-dominated or diffusion-dominated, also the value of the

source function is f(x) = z on the interval (0, 1) for simplicity.

3.2 Exact solution of the fundamental example

In this section we will discuse the exact solution of example (3.7) to compare it with the
numerical solution obtained by the usual FEM and the stability methods.

% Solution:

Let y(z) = yn +vyp, where

yn: 1s the homogenous solution, i.e., the solution of —ku” + pu’ + qu = 0.

Yp: is the particular solution, i.e., the solution of —ku” + pu’ + qu = z.

1T

The homogeneous solution is yp,(z) = c1€™* + c2€"*, where r1, 19 are the solutions of the

equation —kr? + pr + ¢ = 0. Using the quadratic formula the solutions of this equation

are
o TPEVP AR pE VP A+ 4k
b2 —2k B 2k ’
p++/p* + 4kq p— \/P? + 4kq
= r = and 19 =
2k 2k
Hence,
(p+Vp?+ikq)w (p—Vp2+4kq)z
yn(r) = e % + e .
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To find the particular solution of equation (3.7), there are two cases to be considered :

Case(1): if the problem is diffusion-dominated, then the diffusion term k is larger
than the convection term p, hence, the term 4kq is much larger than p, i.e., the term 4kq
can not be ignored. Thus, 1/p? + 4kq can not be closed to p, so, p — \/p? + 4kq can not

p—+/p2+4kq and p+/ p>+4kq

2k 2k
zero is not a root for the auxiliary equation.

be closed to zero. Therefore, are far from zero, this means that

In this case we choose a linear form for the particular solution,

yp = Az + B,

substituting y, in (3.7) yields the values of A and B, thus

Therefore, the solution of the fundamental example in the case that the problem is

diffusion-dominated is:

1
y(x) = 1™ 4 ce™" + —x — %,
q q
where ry = ZEVP M §;+4kq and oy =NV T §;+4kq.
Employing the boundary condition u(0) = u(1) = 0,
w(0) =0= ¢ + ¢ = %, (3.8)
and
" L P
u(l):O:>01€ + coe —F&—?:O (39)
Solving these two equation for ¢; and ¢, provides
P(1—er2)—1
cl = ¢ (1 c 2) g
e — e
B(1—em)—1
p 7 q
Cy = —2 —
q er — e

Case(2): If the problem is convection-dominated, then the convection term p is larger
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than the diffusion term &, this means that the term p? is much larger than the term 4kq.
Accordingly, the term 4kq is too small when we compare it to the term p?, in conclusion,

the term 4kq can be ignored:

= (4kq — 0),

= /p?+4dkq — /p?+0 = |p|,

. p—+/ p>+4kq p++/p2+4kq
= either — Y o

= zero is nearly a root for the auxiliary equation.

approaches zero,

In this case, the particular solution is:
y, = v(Axr + B) = Ar* + Bu.

After substituting this particular solution in the corresponding differential equation, the

constants A and B are given by:

___r
2p2 + 2kq

k
B=———.
p* + kq
Summing up, the solution of the fundamental example where the convection term domi-

nates the differential equation is

p 2 k

Y(r) = yn() + yp(x) = c1™" + coe™" + 22 + g * 2+ kg

To determine the values of ¢; and ¢, substitute the boundary condition «(0) = u(1) =0
U(O):O:>01+CQIO,

= = —0o. (3.10)

and
P k

2p2+2kq+p2+k‘q:

u(l) =0 = cre™ + cpe™ +

Solving these equations for ¢; and ¢,

_ p _ k
= 2p242kq  p>+kq
1 — er1 — er2 )
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and

D k
2p2+2kq + p>+kq
e —en

Cy =

3.3 Solution of the fundamental example by the FEM

In this section we will find the numerical solution of example (3.7) using the FEM and
compare it with the numerical solutions by the stabilized methods discussed later.

Let u be the solution to (3.7), and the interval I = (0, 1) be divided into a uniform mesh
with h = %, we would like to calculate the finite element approximation U for any value
of n .

% Solution:

(1) Variational formulation:

multiply equation (3.7) by a test function v and integrate over (0, 1), to get
(—ku”,v) + (pu', v) + (qu,v) = (z,v),

integrate by parts and use the boundary condition to obtain
(—ku',v) + (pu',v) + {qu,v) = (x,v).

Now, state the following variational formulation :
Find u(z) € H}([0,1]) such that

(—ku',v) + (pu',v) + {qu,v) = (z,v),

Vo € HE([0,1]) .

(2) Discretization:
Find U(xz) € Vj, where V}, is a finite dimensional vector space on the partition

x; =0+ jh,j=0,1,...,n+ 1, spanned by the linear basis functions,
(kU v) + (pU’,v) + (qU,v) = (x,v), (3.11)

Yv € Vh.
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But U(z) can be written as a linear combination of the basis elements of V},

n+1

Uz) = &ei(r) =Y &eja), (since & = &y = 0),
j=0 j=1

and seek to determine the coefficient vector

S! U(z1)
e=| =
&n U(zn)

Now, substitute U(x) = > 7, {;¢;(x) in equation (3.11). and v = ¢;,i = 1,2, ....,n,
(k> & @)+ (Y &0 +{a ) &g i) = (z,01).
j=1 j=1 j=1
Equivalently,
Zgj [ - k<90;'7 4P2> +p(90;~, 902'> + Q<90j7 %H = <$, 90i>7i =1,2,..,n,
j=1

which is a system of n linear equations and n unknowns.

In matrix form, this system can be written in the form
[ — kA4 pC + qM]E = b,

where

A : is the stiffness matrix.

C : is the convection matrix.
M : is the mass matrix.

b : is the load vector.

3.4 Stability methods

In this section we study some of stability methods, see[12, 11], to solve convection-

dominated problems:
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(1) Streamline upwind Petrov-Galerkin method (SUPG).

(2) Artificial Diffusion method (ADM).

3.4.1 SUPG solution

Recall the fundamental example

—ku" + pu' + qu = x, x € (0,1),

where k,p and ¢ are arbitrary nonzero constants.

We will discuss a general steps to solve this problem by using SUPG method which is
similar to the usual FEM in the formulation, but the test function v is different, see [16].
To solve this problem using SUPG method, we set below the corresponding variational

formulation and discretization.

To derive the SUPG variational formulation of the equation above, we multiply it by
a test function (v + 7v’), where 7 is a small parameter depends on h and then integrate
over the domain (0, 1),

(—ku" + pu' + qu,v + 70" = (x,v + T0V'),

Equivalently
—ku", v) + p(u',v) + q{u, v) — kr(u", ") + pr{u, ") + q7{u,v") = (x,v) + 7(x,0").
Integrate by parts and use v = 0 on I', to get
—k(u,0) +pu, v)+q{u, v) +T[— kW, V) +pu vy +q{u, V)] = (2, 0)+7(z,0"). (3.12)

Note that if 7 = 0, then the solution of the previous formula (3.12) is the same as the
usual FEM.
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Now, state the following variational formulation, find u(z) € H{ ([0, 1]) such that
—k(u,0") + p(u,v) + q(u,v) + 7[ — kW, V) + p(u, V') + q{u, V)] = (z,0) + 7(z, V).

Vo € H([0,1]).
To discretize the variational formulation, we search for an approximation U(x) € V},, where
Vi, is a finite dimensional vector space on the partition, x; = a + jh, j =0,1,2,...,n + 1,

spanned by the linear basis functions, such that Vv € V}, the following holds
—k(U" V") + p(U',v) + q(U,v) + 7] = k(U" ") + p(U" v 4+ ¢(U,v")] = (@, ) + 7(z, ).
Now, let U(x) = > 7 §;p;(r) and v = g;, in the above equation to have

S 6 bl ) + Dl -+ a0 + [~ kg0 + Dl ) + alis )

~ = (x, ;) + 7{x, ), wherei=1,2,...,n.

But (¢}, ¢}) = 0, since ¢/ = 0 (linear functions), thus the previous equation become

D &= k(@00 + pleh, i) + qles, i) + TP, &) + ale )] = (z01) + Tz, 6}),
j=1

where

(¢, ¢;) « is the stiffness matrix.
(¢}, i) + is a convection matrix.
(pj, i) © is the mass matrix.
(pj,¢h) : is a convection matrix.

3.4.2 ADM solution

We are interested in applying new stabilized finite element method called the artificial
diffusion method (ADM). The basic idea of this method is the addition of an artificial

/

term (u’ , 7v) to the left hand side, where 7 is a small parameter depends on h called a

stability parameter.

Consider again the fundamental example
—ku" +pu' + qu =z, x € (0,1),
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where u is the unknown function,k, p and ¢ are arbitrary nonzero constants.
To derive the variational formulation of the above equation, multiply it by a test function

v, and integrate over (0, 1), to get
—k(u”,v) + plu',v) + qlu,v) = (z,v).

The ADM is formalized by adding the artificial term (u/,70’) to the left hand side as
follows:

—k{u",v) + p(u',v) + q{u,v) + (', 70") = (z,v).

Integrate by parts and use u = 0 on I' to have
—ku”,v) + plu',v) + qlu,v) + (—7u",v) = (x,v),
= —k{",v) + p,v) + qlu,v) — (", v) = (z,v),
= —(k+7)(W",v) + plu',v) + q{u,v) = (z,0). (3.13)
Note that, if 7 = 0, equation (3.13) becomes
(—ku" v) + (pu',v) + (qu,v) = (x,v),

which is the usual finite element formulation of the given problem. Thus,

(=ku",v) + (pu',v) + (qu, v) = (z,0),

(—ku",v) + (pu',v) + (qu,v) — (x,v) =0,
= (—ku" +pu' +qu—2z, v)=0, Vo
= —ku" +pu' + qu— 2 =0.
= —ku" +pu' +qu =z,

which is the original boundary value problem.

Now, if 7 #£ 0, then

(ku" +pu' + qu , v) + (—7u" , v) = (z, v).
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= (—ku" +pu' +qu—7u" |, v) —(z, v) =0.
= (—ku" +pu +qu—7u" —x, v)=0, V.
= —ku" +pu' +qu—T1u" —2=0.

= —(k+1)u" +pu +qu—2z=0.

= —(k+7)u" +pu' + qu =z,

which is not the same as of the original problem .Clearly, this is not the original problem,
but a modification to it.

To proceed in the ADM formulation, integrate by parts and using v = 0 on I', to get
(k+ 7)) + p(u, ) + g(u, v) = (z,v).

Now, we state the following variational formulation:
Find u(z) € H} such that

(k+ 1), v") + p(u',v) + q{u,v) = (z,v),

Vv € Hy.

To discretize the ADM variational formulation, we find U(x) € V}, such that
(k+7){U" V") +p(U',0) + ¢(U,v) = (z,v),

Yv € Vj,.
Since U € Vj, then U(z) = > 77 p;(w), also v € Vj, then we may let v = ;,i =
1,2,...,n,
Therefore,
5066+ el el + Bl +alion )] = (o
j=1
In matrix form

[(k+T)A—|—pC+qM1§:b,

where
A : is the stiffness matrix.

C' :is the convection matrix.
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M : is the mass matrix.

b :1is the load vector.

3.5 Stability parameter 7 and the coth-formula

In the previous section, we identified two methods for solving the convection-diffusion
problems, the first one is the SUPG method which is summarized by using the test
function to be in the form v + 7¢" and we mentioned that 7 is a small parameter depends
on h .

The second one is the ADM, in this method we add an artificial term (u/, 7v"), where 7 is
a small parameter depends on h.

From now on, we will call this parameter by the 7 stability parameter 7, and the goal of
this section is to determine the stability parameter 7.

With help of the exact solution, which is known for a simple model problem, it is possible
to determine the stability parameter 7, and below we present the derivation of 7 that
applies to the SUPG method.

Definition 3.1. The Taylor series of a real or complex-valued function f(z) that is in-

finitely differentiable at a real or complex number a is the power series

f'(a) f"(a 2
f@)+ DD om0y D oy
> fM)(q

= 5 fn'( ).(x—a)".

Let us use a Taylor series expansion to approximate the first and second derivatives

of a function f about a certain point say xg

f(x) = f(xo) + f(xo)(x — o) + %f”(];o)(x - 1;0)2 4.

Now, take x = xq + h, to obtain

Flao + 1) = Fwo) + (o) 3 f o)l 4 (3.14)
Also, assuming x = xo — h, yields

Pl — ) = (o) — F'(wo)h+ 5 " (zo) > — -+ (3.15)
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Subtract (3.15) from (3.14), to get
flxo+h)— flxg—h)=2f"(xg)h+0+---,

= f(wo +h) — f(wo — h) =~ 2f (x0)h,
f(zo+h) — flvo —h)

! ~ 1
= f'(xo) - , (3.16)
where h is a partition length.
Now add (3.15) to (3.14), to get
fwo +h) + flzo = h) = 2f(x0) + B f"(x0) + -+,
= f(zo+h) + f(wg—h) =~ 2f(x0) + h*f"(20),
flwo +h) = 2f (o) + flwo — D)
= f"(zg) ~ =2 h2° o (3.17)
Now, consider the following general homogenous model problem:
—eu” + Bu' =0, on Q, (3.18)

u =0, on I

In SUPG method, we multiply this equation by a test function v 4+ 7v" and integrate over
Q, to get
(—eu” + Bu',v + 10") = 0,

= —e(u”,v) + B{u',v) — er(u”, V") + BT, V") =0,
= —e(u”,v) + B, v) + 7| — (", V") + B, V") | = 0.
Integrating by parts and using v = 0 on I' provides
—e(u”,v) + B, v) + 7] — e’ V) — Bu",v)] = 0.
If v is linear, then (u”,v") = (u/,v"”) = 0, thus,
—e(u’,v) + B, v) + 7] = Bu",v)] =0,

= (—eu” + pu' — pru”’ , v) =0,
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= —eu” + fu’ — pru” = 0. (3.19)
Now, integrate equation (3.19) over the subinterval [z;_1,z;], to get
(—eu" + Bu' — Bru” , 1) = 0.
Fix u at x;, we have
(—eu"(x;) + pu'(x;) — Bru”(z;) , 1) = 0.
Using the notation u; = u(x;), then above equation becomes:
= (—eu] + pu, — Bru] , 1) =0,

= ((—e = B1)ui + Pu; , 1) =0. (3.20)

We can use the first and second derivatives approximations (3.16) and (3.17) for any index

x; in general as follows:
r Wip1l — Ui
U = ———.

‘ 2h

” Uiy1 — 2Uz + Ui—1
w; = 2 :
Thus, equation (3.20) can be simplified as follows

(—c — Br) (ui+1 — 2hU; + Uz‘—l) + B(%) , 1) =0,
e g

Uip1 — 2U; + Ui Ujp1 — Uj—1 .
( G |

:[( —c — pir) ﬁ)ui1+(2<e+ﬁr))ui+(ﬂ+ﬁ)um}h:o,

—~1

h? 2h h? h? 2h
e [t B 2¢ 207 —e pr B
= (=5 e+ G 5wt (= 5+ g)un =0, (3:21)

From now on, we will call equation (3.21) by the ”difference equation”, and we need to
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use it to determine the stability parameter 7, see [23, 13]. Thus, rearrange this difference

equation to get

€ T
—(—ui_l + 2uz — UJZ'_H) -+ %(-Ui_l + QUZ — ui+1) -+ g(—ui_l + Ui+1) = O,

h
€+ pT
hﬁ (—u¢—1+2ui—ui+1)+§(—ui_1+ui+1) = 0. (322)
The following Taylor series expansions for u; 1 and wu;;; will be deployed in the sequel,
oo (n)
o U, (xz—l - xz)
ul*l - Z ’]’L! Y
n=0
0 n) —h)" h2
:ZUZ ( ) :ui—hu’-—i-—u'/—---,
n! R
n=0
and
— " (T — ;)
Ui41 = Z n )
n=0 :
i (”) h)" h2
n! 2!

=0

3

Using these two expansions, equation (3.22) can simplified as:

€+ BT h? h?
h (—(ui—hug—kaug—---)%—Qui—(ui+hu§+§ug+---))+
h? h?
+§(—(ui—hu2+5u2’—---)+<uz-+hu;+§u;’+--->)=0,
€+ pr o 1oy @ B R TENG)
ETPT 2y~ St Y 2 2 o h3e® ) = 0, 2
h (—Rru] Shi )+2(hul+3hu2 +--)=0 (3.23)

Now, the exact solution of (3.18) is u(x) = c1e<® + ¢y, where the constants ¢; and ¢, can

be determined with help of the boundary condition and

/ /8 E;{;
U =c—ec”.
€
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Substitute (3.24) in (3.23) to get

(—E +hﬁ7—> [—h*cy (g)zefm—%h‘lq (§)4€BI— 4=

= cref {(”,fT)( G 1 R e %m(g)%---)} _0.

8
But cie<”® can not be zero, hence

- ] B ey ] =,

h € 12 ‘e 2 3 e
h 1 ,Bh h I3
iRl R R R
1, Bhy2 1 ,Bh h I3
b E R o Rl s TR B

= —2(€+57’)(c05h (- 1) +asinn () — 0,
(

= (277 ((cosn (2 - 1> _ (_z%)(cosh(ﬁ_) - 1) + gsinn (P
Therefore,
€ h sinh (%)
"B 2 (o (B) 1)
_h sinh (%) B 26>
ENCICENRE

(
( sinh (22) B i)) (3.25)



where, pe =

—, and consider
€

(3.26)
fer—em ek
(em+e™) — 1 e+ — 2
em 1
- 5627:7' e_i_ e}n e_ 2:7::7, ’
e =1 (em=1)(em+1)
Ce2m—2em 4 1 (em—1)(em —1)’
e 4+ 1 e%(ef 4e2)
Cem — 1 e%(e? —ez2")
(e 4e)
1(e? — ez
_ cosh(%)
- sinh(Z%)
= coth(%), see [13]. (3.27)
Substitute (3.26) in (3.27) to obtain
sinh (—h) Bh
< = coth (—), 3.28
(oo () — 1)~ 0 (30) 82%)
also equation (3.28) in (3.25) yields
h 8h 1
pum _— h — J— JR—
T 2(cot (26) pe)’
oo B coth (pe) — 1Y, see 8, 21] (3.29)
- 2 p pe ) ) . .

Equation (3.29) is called the ”coth-formula”.
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Chapter 4

Numerical results

In this chapter we discuss the numerical solution of a one dimensional convection-diffusion
problem of the form :
—ku" + pu' + qu =z, u € (0,1), (4.1)
u(0) = u(l) =0,

where k,p and ¢ are arbitrary nonzero constants, and u is the unknown function. We
apply the usual FEM, the SUPG method, and the ADM, and we compare their numerical
solutions by the exact one. Throughout this chapter the MATLAB software is used to

obtain the numerical approximations.

4.1 Streamline Upwind Petrov-Galerkin Method

X102 SUPG FEM a0 107 FEM

I I I I
0 0.2 0.4 0.6 0.8 1

Figure 4.1: To the left: the SUPG solution. To the right: the FEM solution
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Figure 4.1 shows the solution of (4.1)with £ = 1,p = 500 and ¢ = 1. Here, zero is
nearly a solution of the auxiliary equation, hence the particular solution is of the form
yp = x(Az + B). The stability parameter 7 obtained by the coth-formula is equal to
0.0230000000, and the numerical solution is obtained with 20 nodal elements.

Note that the numerical solution by the SUPG method is more close to the exact solution
than the solution obtained by the usual FEM.

Increasing the number of nodes enhances the numerical solution of the two methods, but
in the usual FEM the problem of oscillations remains unsolved as it is clear from figure
4.2.

x10° SUPG FEM x10° FEM
‘ ‘

0.9

0.8

0.7

0.6

0.5-

0.4

0.3r

021

0.1

Figure 4.2: To the left: the SUPG solution. To the right: the FEM solution

Figure 4.2 is the SUPG and the FEM solutions of (4.1) with the same conditions and
parameters as of figure 4.1, but n = 50 and thus 7 = 0.0080009080. Note that the
numerical solution by the SUPG method is more close to the exact solution than the
solution obtained by the usual FEM and we notice that the difference between the
exact solution and numerical solution becomes less when the number of nodal elements
becomes larger.

With mesh refinement, Figure 4.3, with n = 100 and thus 7 = 0.003067836, the FEM
solution becomes better but still the spurious oscillations exist.
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« 107 SUPG FEM © 107 FEM

09r
0.8
0.7
0.6
0.5-
0.4r
o0l 051
0.2r

0.1

Figure 4.3: To the left: the SUPG solution. To the right: the FEM solution

Figure 4.3 shows the FEM and the SUPG solutions of(4.1) with the same conditions and
parameters as of Figure 4.1.

Clearly, the numerical solution by the SUPG method is more accurate than the numerical
solution by the usual FEM, also note that when the number of nodal elements n becomes
larger, then the value of stability parameter 7 getting less, i.e., the SUPG method is
approaching the usual FEM.

Now, decreasing the value of p, means decreasing the size of the convection term, i.e.,
increasing the size of the diffusion term. The figure below shows the solution of the
differential equation (4.1) with &£ = 1,p = 250 and ¢ = 1.

K10 SUPG FEM x10° FEM

0 0‘2 0‘.4 016 018 1 0 012 0.‘4 O‘.G 018 1
Figure 4.4: To the left: the SUPG solution. To the right: the FEM solution
Figure 4.4 shows the FEM and the SUPG solutions of equation (4.1), the numerical
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solution is obtained with 20 nodes, thus 7 = 0.0210001863. Here, zero is not a solution
of the auxiliary equation, i.e., y, = Az + B.

Obviously, the numerical solution obtained by the SUPG method is more close to the
exact solution than the solution obtained by the usual FEM.

Now, it is easy to note that when we increase the number of nodes then the numerical

solution of the two methods will improve, see Figure 4.5.

«10° SUPG FEM © 107 FEM

20

5 . . . . 05 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 4.5: To the left: the SUPG solution. To the right: the FEM solution

Figure 4.5 shows the solution of (4.1) with the same conditions and parameters as of
Figure 4.4 and the numerical solution is obtained with 50 nodal elements and thus, the
stability parameter 7 = 0.0061356730.

Clearly, the SUPG method gives a finer numerical solution than the FEM, also note that
the difference between the exact solution and the numerical solution becomes less when
the number of nodes becomes larger.

Refining the mesh, Figure 4.6, with n = 100 and 7 = 0.0018942548, the FEM solution

becomes better but still the spurious oscillations exist.
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a0 107 SUPG FEM © 107 FEM

0 0‘.2 0‘.4 016 018 1 o 012 0.‘4 0‘.6 018 1
Figure 4.6: To the left: the SUPG solution. To the right: the FEM solution

Note that Figure 4.6 shows the solution of equation (4.1) with the same conditions
and parameters as of Figure 4.4 but n = 100, and thus the stability parameter, by the
coth-formula, is 7 = 0.0018942548. Obviously, the numerical solution obtained by the
SUPG method is more close to the exact solution than the solution obtained by the usual
FEM.

We remark that when the number of nodes n is getting larger, the value of the stability

parameter 7 is getting smaller, thus, the SUPG method approaching the usual FEM.

4.2 Artificial Diffusion Method

In this section we will discuss the numerical solution of the differential equation (4.1) by
the ADM and we will compare its numerical solution by the exact one, and the solution
obtained by the FEM.

Figure 4.7 shows the solution of (4.1) with £ = 1, p = 500 and ¢ = 1. Note that, since p

is very large, then zero is nearly a solution of the auxiliary equation, thus y, = x(Ax+ B).

51



x10°  Arificial Diffusion Added to the FEM Computation x 107 FEM
: : : : 20

09r

0.8

0.7

0.6

0.5F

0.4

0.3

0.2F

0.1

0 0.2 0.4 0.6 0.8 1

Figure 4.7: To the left: the ADM solution. To the right: the FEM solution

Figure 4.7 is the ADM and the FEM solutions of (4.1) with n = 20 and thus
7 = 11.5000000000. It is clear that the numerical solution obtained by the ADM is more
accurate than the numerical solution obtained by the usual FEM.
Increasing the number of nodal elements improve the numerical solution of the two
methods, see Figure 4.8.

x10~° Artificial Diffusion Added to the FEM Computation x 107 FEM

09r

0.8

0.7

0.6+

0.5

0.4

0.3

0.2

0.1

Figure 4.8: To the left: the ADM solution. To the right: the FEM solution

Figure 4.8 shows the solution of (4.1) with the same conditions and parameters as of
Figure 4.7 but n = 50 and the stability parameter 7 = 4.0000000000.

Clearly that, the numerical solution obtained by the ADM is closer to the exact solution
than the solution obtained by the usual FEM and the SUPG method.
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With mesh refinement, Figure 4.9, with n = 100 and thus 7 = 1.5000000000, is obtained.

X102 Artificial Diffusion Added to the FEM Computation x107 FEM

051

Figure 4.9: To the left: the ADM solution. To the right: the FEM solution

Figure 4.9 shows the FEM and the ADM solutions with the same conditions and pa-
rameters as of Figure 4.7.
Clearly, the numerical solution obtained by the ADM nearly matches the exact solution
and is closer to the exact solution than the solution obtained by the usual FEM and the
SUPG method.
Therefore, the numerical solution obtained by the ADM is more accurate than the nu-
merical solutions obtained by other methods.
Now, let us decrease the value of p, the Figure below show the solution of the equation
(4.1) with £k = 1,p =250 and ¢ = 1.

2 x 107 Artificial Diffusion Added to the FEM Computation %102 FEM

. . . . . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 4.10: To the left: the ADM solution. To the right: the FEM solution
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Figure 4.10 shows the FEM and the ADM solutions of the differential equation (4.1)
with n = 20 and 7 = 5.2500000000. Here, zero is not nearly a solution of the auxiliary
equation, thus, y, = Ar + B.

Obviously, the numerical solution by the ADM is closer to the exact solution than the
solution obtained by the usual FEM.

Notice that, increasing the number of nodal elements enhances the numerical solution of
the two methods, see Figure 4.11.

X107 Artificial Diffusion Added to the FEM Computation x107 FEM

20

. . . . . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 4.11: To the left: the ADM solution. To the right: the FEM solution

Figure 4.11 is the ADM and the FEM solutions of (4.1) with the same conditions and
parameters as of Figure 4.10, but n = 50 and thus 7 = 1.5000000000. Note that the
numerical solution obtained by the ADM is better than the solutions obtained by the
usual FEM and the SUPG method.

Clearly, the difference between the exact solution and the numerical solution becomes
smaller when the number of nodal elements becomes larger.

With mesh refinement, Figure 4.12, with n = 100 and thus 7 = 0.2500000000, is obtained.
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2 x 107 Artificial Diffusion Added to the FEM Computation x107° FEM

0 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1

Figure 4.12: To the left: the ADM solution. To the right: the FEM solution

Figure 4.12 shows the FEM and the ADM solutions of equation (4.1) with the same
conditions and parameters as of Figure 4.10.
Note that the numerical solution obtained by the ADM nearly matches the exact solution
and this numerical solution is more accurate than the numerical solution obtained by

other methods.

Conclusion.
In this thesis we conclude that the numerical solution obtained by the usual FEM for a
diffusion-dominated problem is stable, whereas, for convection-dominated problems, the
numerical solution using the FEM is not stable. Therefore, it is not recommended to use
the usual FEM but the stabilized finite element methods such as SUPG and the ADM.
Using MATLAB software we conclude that the numerical solution obtained by the ADM

is more accurate than the numerical solution obtained by SUPG. The error between the
exact solution and the numerical solution becomes smaller when the number of nodal
elements becomes larger, but the instability and the spurious oscillations still exist in the

usual finite element solutions.
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