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Abstract

In this research, we will study the nilpotence property for a ring R , the polynomial
ring ,which is denoted by R[z], and many types of rings as Armendariz rings, Noetherian
and Artinian rings , principal projective (p.p.) rings, and J-Reduced Rings.

In addition, a generalization of many well known facts, concerning nilpotent polynomials

is presented.

Furthermore we will present many concepts ,which are related to the nilpotency prop-

erty, such as Nilradical, Prime radical, Jacobson radical.
We also classify which of these standard nilpotence properties on ideals passes to poly-

nomial rings, or from ideals in polynomial rings to ideals of coefficients in the base rings,

which will be our main goal in this research.

v






Introduction

In 1870, the American mathematician, Benjamin Pierce first introduced the term nilpotent
in the context of his work on the classification of Algebras. In Algebra, an element z of a

ring R is said to be nilpotent if there exists some positive integer n such that z" = 0.

Over the years, the mathematicians had talked about this concept in many papers,
they also had studied its relation with many properties like Nilradical, Prime radical, and

Jacobson radical.

Furthermore, they had studied how it affects many types of rings, as Polynomial Rings,
Noetherian rings, Artinian rings, Armendariz Rings, Principal Projective Rings, and other

types of rings which we will review them in our research.

This thesis is divided into four chapters:

Chapter one: In this Chapter we introduce basic definitions, fundamental notions,
and several examples. In addition we present two important types of rings which are
Noetherian rings, and Artinian rings. Furhermore we give many notions related to nilpo-

tence which is the main notion in our thesis.

Chapter two: We present the nilpotency properties in details, and apply them on
rings and polynomial rings, In addition we study these properties do in ideals and ele-
ments of these rings. We also apply them on specific rings, namely, Principal Projective

Rings and Laurent Polynomial Rings, which we shall study extensively.

Chapter three: In this Chapter we study Armendariz Rings and present their types,



namely, weak Armendariz and nil Armendariz rings and discuss the relation between them
and Armendariz Rings. Furthermore we study the effects of Armendariz,as a property of a
ring, on nilpotency property. In addition for any ring with an automorphism we study the
skew inverse Laurent-serieswise Armendariz rings, and introduce the notions of a strongly

Armendariz ring of inverse skew power series type, and an a-compatible ring.

Chapter four: Includes The Jacobson Radical of a ring, and the relation between it
and nilpotence. We present many important definitions like quasi-regular left (or right)
ideal and idempotent element which we need them in order to talk about The Jacobson
Radical. We also study the Prime Radical of a ring. Furthermore we present the J-Reduced

Rings and J-clean Rings that are related to The Jacobson Radical.



Chapter 1

Preliminaries

The object of the present Chapter is to present basic definitions, preliminary notions and
some key results which we shall require for the development of the subject matter in this

thesis.

1.1 Definitions and Examples

The purpose of this section is to review some basic definitions and examples that will be

needed throughout the thesis.

Definition 1.1.1. [5] A ring R is called semicommutative ring if for any a,b € R,

ab = 0 implies aRb = 0.

Definition 1.1.2. An element x of a ring R is called nilpotent if there exists some positive
integer n such that x™ = 0.

And a ring is called nil if every element of the ring is nilpotent.

Example 1.1.1. The nilpotent elements of the ring Zs = {0,1,2,3,4,5,6,7} of integers

modulo 8 are 0,2,4,6 ,since 2> =0,42=0, 63 =0.



We denote the set of all nilpotent elements of R by nil(R).

Definition 1.1.3. A subring S of a ring R is a nonempty subset of R which is a ring

under the same operations as R.

Equivalently, a non-empty subset S of R is a subring if for a,b € S, then a — b and

abe S. So S is closed under subtraction and multiplication. It is denoted by S < R.
Example 1.1.2. If n is any integer, then the set of all multiples of nZ. is a subring of Z.

Definition 1.1.4. A nonempty subset I of a ring R is called a two-sided ideal(or simply
an ideal) if

e (I,+) is a subgroup of (R,+), i.e. fora,b€ I,a—be 1.
eVacl ,andVre R: a-rel,ie IRCI.
eVre R ,andVael : r-ael,ie RICI.

Definition 1.1.5. A subset I of R is called a right ideal of R if
o (I,+4) is a subgroup of (R,+), i.e. fora,b€ I[,a—beI.
eVacl andVre R: a-rel,ie IRCI.

Similarly, a subset I of R is called a left ideal of R if
e (I,+) is a subgroup of (R,+), i.e. fora,b€ I,a—be 1.
eVre R, andVael : r-ael,ie RICI.

Note that One-sided ideal is either right or left ideal.

Definition 1.1.6. An ideal, I, of a ring is said to be a nilpotent ideal, if there exists
a natural number k such that I* = 0 , i.e. I is nilpotent if and only if there is a natural

number k such that the product of any k elements of I is Q.
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Note that an ideal is called nil ideal if each of its elements is nilpotent.

Example 1.1.3. The ideal [ = 2Zs = {0,2,4,6} is a nil ideal, since every element in I is

nilpotent:

Definition 1.1.7. The sum of the nilpotent ideals of R, s called the Wedderburn radical,
and is denoted by No(R).

Definition 1.1.8. An ideal I of R is finitely generated if there is a finite subset X of 1
such that I =< X >, 1.e. such that I can be generated by a finite set of elements.

i.e., if there is a finite set X = {x1, 29, ..., x,} such that I = 1R+ 23R+ ...+ z,R.

In the special case where X = {a}, we write < {a} >=< a >= RaR and such an ideal is

called a principal ideal.

Definition 1.1.9. Let R be a commutative ring,and [ an ideal of R, The Quotient Ring
is (R/I,+,%) , where VYa,b € R , the addition and multiplication of cosets of I is defined
as :

(+): I+a)+ (I +b)=IT+(a+b), whereI+a={r+a:rel}

(x): (I4+a)*(I+0b)=1+ab.

Definition 1.1.10. Let S be a nonempty set and e is some binary operation S x S — S,
then (S, ) is a monotd if it satisfies the following two axioms:

(1) Associativity;

For all a, b and ¢ in S, the equation (aeb)ec = ae (bec) holds.

(2) Identity element;

There exists an element e in S such that for every element a € S, the equations e ® a =

aee=a hold.



Note that a submonoid is a subset of the elements of a monoid that are themselves a

monotd under the same monoid operation.

Example 1.1.4. consider the monoid formed by the nonnegative integers under the oper-
ation min(x 4y, 10). Then restricting x and y from all the integers to the set of elements
S ={0,3,5,6,8,9,10} forms a submonoid of the monoid {0,1,2,3,4,5,6,7,8,9,10} under

the operation min(x + y, 10).

Definition 1.1.11. Let (R,+,.) and (R',+',.) be rings, and let f be a function from R
into R', then f is called homomorphism of R into R if for all a,b € R, we have the
following:

(1) fla+b) = fla)+" f(b).

(2) f(a.b) = f(a).'f(b).

Definition 1.1.12. A homomorphism of a ring R into a ring R’ is called :

1. monomorphism if f is a one to one function.
2. eptmorphism if f is an onto function.

3. 1somorphism if f is a one to one and onto function.

Definition 1.1.13. An automorphism « of a ring R is an isomorphism from R onto

R.

Polynomials’s Multiplication Formula.

consider the polynomials;

flz) =ap+az+ ...+ ap 12" " + apz” (1.1)
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and

g(x) = by + bz + ...+ b1z A+ by (1.2)
then ,
f@)g(x) =ro+rz+ ...+ rpa™" (1.3)
Whereri:Zajbi,j ,i:0,1,2,...,m—|—n.
j=0

Definition 1.1.14. The polynomial ring, R|x], in x over a ring R is defined as the set

of polynomials in x , of the form :
p(x) =po+ 1+ .. 4 poa@" "+ ppa” (1.4)

where py , p1 , ... , Pn , are the coefficients of p(x), which are elements in a ring R.
Addition and multiplication are defined as the definitions of addition and multiplication in

R for the coefficients, the distributive and associative laws, and the exponent rule for x |

that is, x*.27 = 2™ hold in R[z].

Definition 1.1.15. The ring of formal power series in x with coefficients in R is
denoted by R|[x]], and is defined as follows. The elements of R[[x]] are infinite expressions

of the form f(x) = > 0y a;x’ in which a, € R for alln € N

Definition 1.1.16. Let R be a ring. A left (right) annihilator of a subset U of R is
denoted by IAnng(U) ={a € R : aU =0} , (rAnng(U) ={a € R : Ua = 0}).

1.2 Noetherian and Artinian Rings

In this section, we describe special types of rings which are the Noetherian and Artinian

Rings.



Definition 1.2.1. A ring R is Noetherian Ring if it satisfies the ascending chain con-
dition [ACC] on ideals; that is, given any chain of ideals : Iy C Iy C --- there exists an

N € N such that : I, = Iny forn > N.

Example 1.2.1. [13] (Z,+, %) is a Noetherian Ring. This is because any ascending chain

of ideals must terminate at the ideal pZ for some prime number p.

Definition 1.2.2. An ideal I in a ring R is said to be maximal if [ # R and for every
tdeal N such that I C N C R, either N =1 or N = R.

Example 1.2.2. For the ring of integers Z, nZ is a maximal ideal of Z iff n is prime.
Theorem 1.2.1. Let R be a ring. The following are equivalent:
1. R is left Noetherian.

2. Every nonempty set S of left ideals of R has a mazximal element I, i.e., there exists

I €8S such that J € S, 1 C J implies [ = J.
3. Every left ideal of R is finitely generated.

Similar theorems hold for right and two-sided Noetherian rings.

proof:

(1) = (2) : Suppose there exists a nonempty set of left ideals S of R without a mazimal
element. Note for any I, € S. Since I is not maximal in S, we may find Iy, € S
such that I, C Ixyq1. Thus since S is not empty, we may construct an infinite chain
I, c I, C I3 C Iy C ... which does not stabilize, contradicting the fact that R is left
Noetherian. Thus every nonempty set of left ideals of R must have a maximal element.
(2)=(1): Let S=1, C Iy C I3 C ... be an ascending chain of left ideals. By assumption
S has a mazximal element say Iy . Since Iy is mazximal and I C I, for alln > N we see

that In = I, for alln > N and so the chain stabilizes. Thus every ascending chain of left
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ideals stabilizes and so R is left Noetherian.
(3)= (1) : Let I, C I, C I3 C ... be an ascending chain of left ideals in R. Then I = Ul, is
a left ideal of R. By assumption I = (xq,...,x%);. For each 1 <j <k,z; €1 sox; € I,

or some positive integer n;. Thus {xq,...,Tr} T Inaz(ngne....n) from which it follows that
g j (n1,n2 k)

,,,,,

I C Laz(ng ne ny)- Setting N = max(ni,ng, ..., ny) it then

..........

follows easily that In = Inys for s € N and so the chain stabilizes. Thus any ascending
chain of left ideals in R stabilizes and so R is left Noetherian.

(1) = (3) : Let I be aleft ideal of R. Suppose that I is not finitely generated as a left ideal of
R. Then in particular I # (0). Hence we may choose nonzero a; € I. Suppose we have cho-
sen ay,...,ar € I. Then since I is not finitely generated as a left ideal, there exrists ayyi €
I—(ay,...,ax);. Thus using the axiom of countable choice we may choose ay,as, ... such
that the left ideals (ay,...,a;); = Iy form an infinite ascending chain of left ideals which
does not stabilize. This contradicts the fact that R is left Noetherian and so we conclude that

every left ideal 1s finitely generated. ]

Theorem 1.2.2. A ring is Noetherian if every ideal is finitely generated.

proof:
Suppose that R 1s Noetherian. Let I be an ideal of R, and let

S={K:K<IQR KCI K is finitely generated}.

Then {Ogr} € S, so S is not empty, so S contains a mazimal element M. Then M is finitely
generated, so there is a finite subset A of R with M =< A >. Letx € I. Put B= AU{x}
and J =< B >. Then B s finite so J s finitely generated, and J C I because B C 1.
Therefore J € S. But M C J, and M is mazimal, so M = J, so x € M. This is true
forall x in I, so I C M. But M C I, because M € S. Therefore I = M, so I is finitely

generated. ]



Theorem 1.2.3. (Hilbert’s Basis Theorem)
Let R be a commutative ring with identity. If R is a Noetherian ring then so is the

polynomial ring R[z].

proof:

Let I C R[z| be an ideal of R[z|, we will show that I is finitely generated.

Let f1 be an element of least degree in I, and let (g1,...,g,) denote the ideal generated by
the polynomials g1, ..., ¢g.. Fori>1,if (f1,...,f;) # I, then choose f;y1 to be an element
of minimal degree in I/(f1,..., f;).

If (f1,..., fiz1) = I, then we are done.

Let a; be the leading coefficient of f;. Since R is Noetherian, the ideal (a1, as,...) C R is
generated by ay,as, ..., a, for somem € N,

We claim that f1, fo,..., f;n generates I.

Suppose not. Then our process chose an element fp,11, and a1 = Z;n:l uja; for some
u; € R.

Since the degree of fm41 is greater than or equal to the degree of f; for j =1,...,m ,then

the polynomaial:
g = ufateele ol e (f L f)
j=1

has the same leading coefficient and degree as f,,+1. The difference f,11 — g is not in

(f1, f2y -+, fm) and has degree strictly less than fni1, a contradiction of our choice of
fm+1-
Thus I = (f1, fa, ..., fm) is finitely generated, and we are done. Il

In the following example we see a ring which is noetherian, but it’s ring of polynomials

18 not.

Example 1.2.3. [6] Let R be the even integers 27, it is a commutative ring that has no

multiplicative identity. So we shall show that 27 is Noetherian but 2Z[x] is not.

10



proof:

Let I be a non-zero ideal of 2Z. If a € I then —a € I because I is a subgroup of (2Z,+).
Let a be the smallest positive element of I. Suppose that b € I with b > 0.

In 7Z, there are integers q and r such that b =qga +1r and 0 < r < a. Now,

ga=a+a+...+a,

q times

which s in I. Thus b —qa € I and so r € I. Because 0 < r < a, we must have r = 0.
Therefore I = {qa : q € Z} (of course, a is even). So every ideal of 27 is an ideal of 7.
We know that Z satisfies ACC, so 27 must also satify ACC. If 2Z[x] is Noetherian then
it is finitely generated. Suppose that the generators are fi(x),..., fo(x), where f;(x) has
degree d;. Put N = maz{dy,...,d,}. Then if g(x) € ({fi(x),..., fu(x)}) then either the
degree of g(x) is at most N or every coefficient in g(x) is divisible by 4.

Therefore 2aN T & ({ f1(x), ..., fo(z)}) but 22N+ € 2Z[x]. This contradiction shows that

2Zx] is not Noetherian.

Theorem 1.2.4. Let M,(R) be the ring of all n X n matrices with entries from R, if the
ring R is not Noetherian then M, (R) is not Noetherian, and if the ring R has an identity
and R is Noetherian then M, (R) is Noetherian.

proof:

(1) : Let I C Iy C ... C I, C Ips1 C ... be an infinite ascending chain of ideals of R.
Then M, (1) C M,(Iy) C ... C M,(I,,) C M,(Ins1) C ... is an infinite ascending chain
of ideals of M, (R). Therefore it is not noetherian.

(2) : Let J; C Jy C ... be an ascending chain of ideals of M,(R). Since R has an identity,
there are ideals I,, of M, (R) such that J,, = M, (I,,) form =1,2,.... ThenI; C I, C ...

Since R is Noetherian, there is some N such that I,, = In whenever m > N. Then

11



I = M, (1) = M, (Iy) = Jy whenm > N. So it is noetherian. O

Definition 1.2.3. A ring R is Artinian Ring if it satisfies the descending chain condition
[DCC] on ideals, that is, given any chain of ideals : Iy D Iy D -+, there exists an N € N

such that I, = In for n > N.

Example 1.2.4. Z/nZ or any finite ring is Artinian.

e A ring is left-Noetherian (Artinian) if it satisfies the ascending (descending)

chain condition on left ideals.

e A ring is right-Noetherian (Artinian) if it satisfies the ascending (descending)

chain condition on right ideals.

e A ring is Noetherian (Artinian) if it is both left- and right-Noetherian (Artinian).

We now give an example of a Noetherian rings that is not Artinian.

Consider the ring of integers Z which is a Noetherian ring , but not Arinian ,since for
an ideal Iy = aZ to contain an ideal Iy = bZ, a must divide b. For Is to contain a third
tdeal, I3 = cZ, b must divide c. If we continue this pattern, each successive ideal must
have a generator that is a multiple of the generator of the ideal immediately previous in
the chain. Since the integers are infinite, we can keep constructing multiples forever. Our
chain will never bottom out, so it fails to satisfy the descending chain condition. Thus, 7

1s not Artinian.

12



Chapter 2

Nilpotent Rings

In this Chapter, the nilpotency properties are presented in details, and they are applied
on rings and polynomial rings; In addition, we study which of these properties are true in
ideals and elements of these rings. Also these propositions are checked on specific rings,

namely, Principal Projective Rings and Laurent Polynomial Rings.

2.1 Nilpotency Properties

In this section we present many of nilpotency properties, and introduce theorems on rings

and polynomial rings which have these properties.
Definition 2.1.1. A ring R is called reduced if it has no nonzero nilpotent elements.
Example 2.1.1. The ring of integers Z is a reduced ring.

Note that in a commutative ring R, No(R) equals the set of all nilpotent elements of R.

But this is not true for non-commutative rings.

Example 2.1.2. Let R be the ring of 2 X 2 matrices over Q | then R has only two ideals
2

01
0 and R(since Q is a field). So No(R) =0 but = 0.
00

13



Lemma 2.1.1. In any ring R, the sum of two nilpotent ideals is a nilpotent ideal.

proof:

Let I, J be ideals in R such that I™ = 0 and J™ = 0 for n,m € N. We claim that (I +
J)mtm=t = (. That is, the product of n+m—1 elements of the form u+v,u € I ,v € J, is 0.
Such a product can be written as a sum of products w = wiwsy . .. Wpim—_1 where each w; €
1UJ. If at least n of these w; ‘s arein I, thenw = 0 as I™ = 0. If the number of the w; ’s be-
longing to I is smaller than n, then at least m of them lie in J, and hence w = 0 since J™ =

0. []

Corollary 2.1.1. We can generalize the previous lemma to any sum of finitely many

nilpotent ideals.

Lemma 2.1.2. [10] An arbitrary sum of nil ideals is a nil ideal.

proof:

1t suffices to show that the sum of two nil ideals is again a nil ideal , so let I, J be nil ideals
and a+b =z € I+.J , we have a* = 0 for some k € N, hence 2* = a*+ ¢ for some suitable
ce J.

Since J is a nil ideal , we get ¢! =0 for somet € N and 2* = 0. [

Theorem 2.1.1. [14] Let R be a finitely generated commutative ring without unity. Then

the following are equivalent:

(1) R is nil.

(2) R is nilpotent.

(8) every proper ideal of R is nilpotent.

(4) every proper ideal of R is nil.

14



proof:

(1) = (2): Since every element of R is nilpotent, every generator of R is nilpotent. Let
x1,...,%, be a set of generators for R with corresponding indices of nilpotency kq, ..., k.
So, the product of an arbitrary k = k1 + ... + k,, factors is

(Mii21 + 711121 + oo+ M 1%y + T T) - o (M gZ1 + 71T+ -+ My kT + T )
where each m; ; € Z and each r; ;€ R . Observe that this product is a sum where each term
is of the form cx;, ...x;, , where ¢ is an integer or an element of R and the x;; ’s may be
repeated. So, each term has at least k generator factors. Consider an arbitrary term of the
sum. For each x;, let a; be the number of generator factors equal to x;. So , ay+...+ax = k.
If a; < k; for each i, then it would be the case that oy + ...+ g < k1 + ...+ ki =k,

a contradiction. Thus, there is some j with o; > k; . So this term has a factor of z;*,
which is equal to zero, since x; has index of nilpotency k; . Thus, each term of the sum is
equal to zero, and so the entire sum is equal to zero. Therefore, the product of any k terms
is equal to zero, hence R¥ = 0.

(2) = (3):By the definition of nil ideals.

(3) = (4):Since every every proper ideal of R is nilpotent, so they are also nil.

(4) = (1):We proceed by contradiction. Assume that every proper ideal of R is nil. Suppose

2

that R contains an element a which is not nilpotent. Then a“ is also not nilpotent. Note

that a* € aR = {ar | r € R}. Thus, aR = R. Hence there is some e € R such that a = ae.

Let r € R. Then there is some ©x € R such that r = ax. So

re = (ax)e = (ae)x = ax =r

Thus e is a multiplicative identity of R , a contradiction. Therefore, R is nil. ]

Remark 2.1.1. In a commutative ring with 1 | a finitely generated nil ideal is nilpotent.
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proof:
Let K be a finitely generated nil ideal of R , K = k1 R+. . .4+k,R , with k; € K. since each k;

15 nilpotent , then so is the ideal. ]

Proposition 2.1.1. [14] If R is a nil ring, then xy # y for all nonzero x,y € R. If R

s a finite ring, then R is nil if and only if for every nonzero x,y € R, it is the case that

Ty # Y.

proof:

Let x and y be nonzero elements of the nil ring R. So 2™ = 0 for some positive integer n. If
zy =y then 0 = (z")y = (a")(zy) = (2" Ny = (2" ?)(xy) = @ *)(y) = ... =2y =y
,a contradiction. Thus, xy # .

Now, assume that R is finite and suppose that for every nonzero x,y € R,xy # y. Let
x € R. Let n,m be positive integers with n < m. So, if 2™ # 0 and ™ # 0, then
™ £ a"x™" = ™. So, each positive power of x which is not zero must be distinct. But,
R is finite, so it must be the case that 2 = 0 for some k. Thus, every element of R is

nilpotent. O

Definition 2.1.2. Let R be a ring and let I be an ideal of R. We say that I is a prime

tdeal if whenever ab € I then either a € I orb e I.
Lemma 2.1.3. N = F,.

Proof

Let x € N, so x is a nilpotent element in R. Now 2" =0 € P, so x.2" ' =a" € P, but P
is a prime ideal, so x € P or x" ' € P.

If we assume that 2" ' € P and x ¢ P, then 2" ' € P=za" ? =2""1e€e P=x€ P or
"2 € P, if we assume that "2 € P and x ¢ P and continue as a previous steps n — 1

times, we will get that x.2"~ ™Y € P, so if we take the choice * € P and " "V ¢ P,

16



this will give us that x € P and x ¢ P which is a contradiction.

So from the first step, we have that x € P for every prime ideal. Therefore x € () Pa,
hence N C () P,.

For the converse, we will show that for any non-nilpotent element a, there is some prime
ideal that doesn’t contain a.

Let a be a non-nilpotent element in R, and S be the set of all ideals of R that don’t contain
any element of the form a". Since 0 € S, so S # ¢, and by Zorn’s lemma, S has a mazimal
element M.

it suffices to show that M is a prime ideal, so suppose otheruise, x,y € M but xy € M,
then the set of elements z for which xz € M is an ideal of R that properly contains M, this
implies that it contains a™,m € Z, so a™™™ € M, by assumption of M, a™ =0 & M which
is a contradiction. Hence M is a prime ideal which doesn’t contain a. so we get (| P, C N.

Therefore N = () P, as we need. Ol

Theorem 2.1.2. if R is a commutative Noetherian ring, then a power series f(x) over a

commutative ring R is nilpotent if and only if each coefficient of f(x) is nilpotent.

proof.

= : Let P, be the collection of prime ideals of R and let N be the ideal of nilpotent
elements of R and consider Lemma (2.1.3), now for each «, P,[[x]] is a prime ideal of
R[[x]]. Since f(x) is nilpotent,f(x) € PL[[X]] for each a. Hence f(x) € (N P.[[X]] =
(N P)[[X]] = Nl[z]]; that is, each coefficient of f(x) is nilpotent. Suppose f is nilpo-
tent , since R is Noetherian ring , the set of coefficients of f(x) (Ay) is finitely gener-
ated. Since [ is nilpotent , each a; is nilpotent ,i.e. each coefficient of f(z) is nilpo-
tent.

< et f(x) = i a;z;, suppose Ay is nilpotent ,and (Af)™ =0, then a* =0 for alli. On

=0
the other hand if ai* = 0 for i > 0 ,then there is a positive integer k such that (A;)* =0
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, 50 f* =0 ,hence f is nilpotent . ]

Lemma 2.1.4. Let R be a right noetherian ring, then the sum of nilpotent ideals in R is

nilpotent ideal.

proof:

Let B = Z A; be the sum of nilpotent ideals in R. Since R is noetherian (i.e. right noethe-
rian), stlﬁnitely generated as right ideal. Suppose B = (x1,...,x,), then each z; lies in
finitely many Ay , hence B is contained in the sum of a finite number of Ays, say (after

reindexing if necessary) Ay, ..., A,. Thus B = Ay+...+A,, then by corollary (2.1.1) , B is

nilpotent. O

Remark 2.1.2. In a right artinian ring, every nil right ideal is nilpotent.

Definition 2.1.3. By a mazimal nilpotent ideal, we mean a nilpotent ideal that is not

properly contained in a larger nilpotent ideal.

Lemma 2.1.5. If a ring R has a mazimal nilpotent ideal N, then N contains all nilpotent

ideals of R.

proof:
If I is another nilpotent ideal, then I+N is again a nilpotent ideal by Lemma (2.1.1). Because

of the maximality of N we must have [+N = N, and thus I C N. [
Thus, a mazimal nilpotent ideal , if it exists , is unique and is equal to the sum of all

nilpotent ideals No(R). However, not every ring has such an ideal. That is to say, the

sum of all nilpotent ideals of a ring is not always nilpotent(although it is nil for each of its
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elements " Lemma (2.1.1) ").
An example of this, the mazimal nilpotent ideal 275 of the ring Zs.
The nilradical of a commutative ring is the set of all nilpotent elements in the ring
, which was denoted previously by nil(R).
But in the case of a noncommutative ring , there are several analogues of the nilradical

, like lower nilradical and upper nilradical.

Definition 2.1.4. The upper nilradical of a ring R is the sum of all nil ideals , and it
is denoted by Nil*(R).

Definition 2.1.5. The lower nilradical of a ring R is the intersection of all prime ideals

, we denote it by Nil,(R).

Note that the lower nilradical is also called the prime radical.

Recall that for an element a € R, (a) = RaR, is the ideal generated by a in R.

Definition 2.1.6. An ideal I in a ring R is said to be a semiprime ideal if, for any ideal

J of R, J* C I implies that J C I. (For instance, a prime ideal is always semiprime.)

Definition 2.1.7. A ring R is called a prime (resp., semiprime) ring if (0) is a prime

(resp., semiprime) ideal.

Proposition 2.1.2. [8] For any ring R, the following are equivalent:

1) R is a semiprime ring.

3) R has no nonzero nilpotent ideals.

(1)
(2) Nil,(R) =0
(3)
(4) R has no nonzero nilpotent left ideals.
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proof:
(1) < (2) is clear from Definition (2.1.7). Next we shall prove

4) = (3) = (1) = (4).

The first two implications are also clear.

For (1) = (4), let R be a semiprime ring and let I be a nilpotent left ideal. Choose n(> 1)
minimal such that I" = 0. If n > 1, then (I""1)? = [*"=2 C " = 0, implies that [""' =0,
which contradicts the minimality of n. Thus n =1, and I = 0. Hence R has no nonzero

nilpotent left ideals. O]

Kothe’s Conjecture states that, If Nil,(R) = 0, then R has no nonzero nil one-sided

1deals.

Proposition 2.1.3. [7] Let R be a semiprime ring with the ascending chain condition

(ACC) for right annihilators. Then R has no nonzero nil one-sided ideals.

proof:

Let I be a nonzero one-sided ideal of R and let 0 # a € I with rAnn(a) as large as possible.
Since R is semiprime, there is an element x € R such that axa # 0. Thus axa is a nonzero
element of I such that rAnn(a) C rAnn(aza). So rAnn(a) = rAnn(axa) . We have
ar # 0, i.e., © & rAnn(a) Thus x ¢ rAnn(aza). So, (ax)? # 0. Hence wax ¢ rAnn(a)
implying that (ax)® # 0. Therefore, ax and hence, also wa is not nilpotent and ax € I or

za € 1. O]

Lemma 2.1.6. Assume that R satisfies the ACC' for right annihilators ann,.(a) = {x €

R :ax =0}, where a € R. Then:
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1. Any nil one-sided ideal I is contained in Nil,R.

2. Any nonzero nil right (resp., left) ideal J contains a nonzero nilpotent right (resp.,

left) ideal.
In particular, if R is also semiprime, then every nil one-sided ideal is zero.

proof:
(1) : Assume I is a nil right ideal C Nil.(R). Among the elements in I /Nil,(R), choose
a such that ann,(a) is mazimal. For any v € R, we claim that axa € Nil.(R). For this,

we may assume that axa # 0. Since ax € I is nilpotent, there exists an integer k > 1 such

that (ax)® =0 # (az)*". Then
ann,(azxa) 2 ann,(a)

since x(ax)k=2 belongs to ann,(axa) but not to ann,(a). The mazimality of ann,(a) now
implies that axa € Nil,(R), as claimed. Since R/Nil.(R) is semiprime, this implies that
a € Nil,(R), a contradiction.

If I is a nil left ideal instead, then for any o’ € I, a'R is a nil right ideal, so a’ R C Nil,(R).
Therefore, we also have I C Nil,(R).

(2) : Among the nonzero elements of J, choose b such that ann,(b) is mazimal. It suffices
to show here that bxb = 0 for all x € R, for then we’ll have (bR)* = (Rb)*> = 0. If J is
a right ideal, we can repeat the argument in (1) to get bxb = 0. Now assume J is a left
ideal and bxb # 0. Then xb € J is nilpotent, so there exists an integer k > 1 such that

(zb)* = 0 # (xb)*~1. But then xb € ann,((zb)*~') and xb ¢ ann,(b), so we have
ann,(b) C ann,((zb)*1),

contradiction. ]
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The last part of the lemma (2.1.6) above leads to the following theorem of J.Levitzki.

Theorem 2.1.3. [10] Levitzki’s Theorem. Let R be a right noetherian ring. Then every
nil one-sided ideal I of R is nilpotent. We have Nil,R = Nil*R, and this is the largest

nilpotent right (resp., left) ideal of R.

proof:

In view of (1) in the Lemma (2.1.6) above, it suffices to show that Nil,R is nilpotent. Since
R is right noetherian, there exists a mazimal nilpotent ideal N in R. Then R/N has no
nonzero nilpotent ideals, so R/N is semiprime. This shows that N O Nil,R, and hence

Nil,R = N is nilpotent. [

Definition 2.1.8. The Jacobson radical of a ring R is the intersection of all maximal

ideals of R,we denote it by J(R).

Example 2.1.3. The Jacobson radical of the ring Z/127 is 6Z/127Z, which is the inter-
section of the mazimal ideals 27Z/127Z and 37/127Z.

Definition 2.1.9. A set S C R is said to be locally nilpotent if every finite subset of S

18 nilpotent.

Definition 2.1.10. Lewitsky radical is the sum of all locally nilpotent ideals,we denote
it by L-rad(R).

Definition 2.1.11. A subset A of a ring R is called left(resp. right)T-nilpotent if, for
any

sequence of elements {ay,aq, ...} C A, there exists an integer n > 1 such that ;

ajay . ..a, =0 (resp. a,...aza; =0).

The set is called T-nilpotent if it is both left and right T-nilpotent.
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Definition 2.1.12. The index of nilpotency of a nilpotent element x in a ring R is
the least positive integer n such that x™ = 0.

The index of nilpotency of a subset I of a ring R is the supremum of the indices of
nilpotency of all nilpotent elements in I. If such a supremum s finite , then I is said to

be of bounded index of nilpotency.

Example 2.1.4. In the ring Zs = {0,1,2,3,4,5,6,7} of integers modulo 8, the index of

the nilpotent element 2 is equal to 3 (since 23 =0).

And if I ={1,2,3,4,5,6} is a subset of Zs , then the index of nilpotency of I is equal to

3. (Since for the nilpotent elements in I, 2> =0,4>=0,6%=0).

Remark 2.1.3. A nil subset N of a ring R has bounded index < t if a' = 0 for all a in

N. In fact N(R) = {a € R : Ra is nil of bounded indez}.

Definition 2.1.13. Let R be a ring. We say R has property (xx), whenever f(x) =
ap+ a1x + ...+ apx™, g(x) = by + byx + ...+ byx™ are elements of (R[x],+,0) and fog

€ nil(R)|x], then a;b; € nil(R) fori=1,....,m ,j=0,1,...,n.

Proposition 2.1.4. Let I be a nil ideal of a ring R. Then R = R/I has property (%) if

and only if R has property (xx).

proof:

Claim: If I is a nil ideal, then nil(R) = nil(R).

proof of the claim: We denote R = R/I, and nil(R) = nil(R)/I.

Firstly,
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nil(R) ={m+1€ R/I:m+ I is nilpotent}
={m+1:(m+D"=1}
={m+I - m"+1=1}

={m+1:m"el}.
and

nil(R) = nil(R)/I
={m+1:menil(R)}

={m+1:m" =0}

but (m+IDf=mt+T1=0+1=1.

Therefore nil(R) = nil(R).

Now let f(z) = > a;x; and g(z) = 3 bjz; be elements of R[z], so f = 3 ma;, and
i=0 7=0 i=0

g =Y. biz; , where @ and b; € R. Now f o g € nil(R)[z], if and only if
=0

fog=fog
= (om0 (3 Biey) € nil(B)el.

Also, &b = (a; + I)(b; + 1) = a;b; + 1.
Since a;b; € nil(R), so ab; € nil(R)/I = nil(R) = nil(R), fori = 1,...,m and
j=0,1,...n.
Hence R has a property (xx) if and only if R/1 has a property (*x). O
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2.2 Nilpotency of polynomial rings

In this section we further the study of nilpotent elements in R|x].

Lemma 2.2.1. [4] Let f(z) be a polynomial over a commutative ring R , f(x) is nilpotent

if and only if each coefficient of f(x) is nilpotent.

proof:
Let p(x) = iaixi be nilpotent. We proceed by induction on n, the degree of p(x). If
p(z) = ag haZs:(iiegree 0, then (p(z))™ = af’ = 0 for some m. Thus ag is nilpotent, and all
of the coefficients of p(x) are nilpotent.
Now suppose now that for some d > 0, if r(x) is a nilpotent polynomial of degree at most
d, then all of the coefficients of r(x) are nilpotent. Now suppose p(x) has degree n = d+ 1
and that (p(x))™ = 0 for some m > 1. We prove by induction that the nm coefficient of
(p(x))™ is al*. For the base case m = 1, the n coefficient of p(x) is indeed a,. Suppose
now that for some m > 1, the nm coefficient of p(z) is a™.
Now the n(m + 1) coefficient of (p(x))™ is by definition Y.  a;b;, where b; is the
G coefficient of (p(x))™. If i > n, then a; does not exist. (Z?ZZ’Z(;}L;;Z% is zero.) Ifi < n,
then j > nm, so that b; does not exist. (Equivalently, is zero.) Thus the only remaining
term is the (i,j) = (n,nm) term, and we have Y,  a;bj = aybpm = a. Thus the
result holds. oy

Now the nm coefficient of (p(z))™ is a' on one hand and zero on the other. Thus
a™ =0, so that ay, is nilpotent. Now p(x)— a,z™ is a unit (in a commutative ring ,the sum
of a unit u and a nilpotent element x is a unit ,since u='x is nilpotent, so 1+u~tx is a unit,

and thus uw(l1+u™'z) = u+z is a unit), and has degree at most d. Thus by the induction hy-

pothesis all coefficients of p(x) —a,x™ are nilpotent, and so all coefficients of p(x) are nilpo-
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tent. ]

But the result in the previous Lemma is not true in general for noncommutative rings.
For example, let R = M, (k), the n X n full matriz ring over some ring k # 0.

Consider the polynomial f(x) = e1x + (€11 — €32)T — €912?

, where the e;; 's are the matriz
units. In this case f(x)2 =0, but ey — ey is not nilpotent. (In fact, when n = 2 this is a
unit.)

The trouble seems to arise from the fact that if f(z) is nilpotent, then so is the ideal < f >
over a commutative ring, but not necessarily over a noncommutative ring. Indeed, for a

general ring R, f(x)R[x] is a nilpotent right ideal of R[x] if and only if A¢R is a nilpotent
right ideal of R, where Ay is the set of coefficients of f(x).

Theorem 2.2.1. [4] Let R be a ring, and let f(z) = iaixi and g(x) = f:aja:j be
polynomials in R[x]. If f(x)Rg(z)R = 0, then a;Rb;R iszzonilpotent right ideajl,zofor each
pair (i,7).

proof:

We work by induction on k =i+ 5. If k =0 then i = 7 = 0. We know agRbgR = 0 by
looking at the degree zero term in f(x)Rg(z)R = 0. Thus agRbyR is trivially nilpotent.
So, we may assume k > 1 and that the result is true for all values smaller than k as the

inductive assumption. From the degree k coefficient in f(x)Rg(z)R = 0 we obtain

k
Z a;rby_ys =0 (2.1)
=0

for arbitrary r,s € R. In particular, specializing r in Equation (2.1) to ubyv (with u,v €
k k-1

R) we have Y, ayubovby_ys = 0. But then agubovbys = — Y aubyvbg_ts € Y a;RbyR.
=0 =0

t<k
The right ideal on the right hand side is nilpotent (since it is a finite sum of such, by
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inductive hypothesis). Thus, (arRbyR)? C aRbyRboR is a nilpotent right ideal, hence so
is apRboR. Repeat the argument in the previous paragraph by specializing v to ubjv instead
of ubgv, and induct on j. Note that the previous paragraph consists of checking the base

case. In this more general case, Equation (2.1) then yields

k—j—1

k
ag—jubjvbjs = —< Z atuijbkt:s) — ( Z atuijbkts)
=0

t=k—j+1

In particular, ay_1 Rb;Rb;R C ( > atijR> + ( > a;Rb;-R), which is nilpo-
t<k—j i'=j'=k,j'<j
tent by the inductive assumptions on k and j. By the same reasoning as in the previous

paragraph, we obtain that ap—_;Rb; R is nilpotent, finishing both inductions. O

Proposition 2.2.1. [4] Let R be a ring, and let f(x) = > az; , g(x) = > a;z; € Rx].
i=0 i=0

The set f(x)Rg(x)R is nilpotent iff a;Rb;R is a nilpotent right ideal for each pair (i, j).

proof:
= : by the previous Theorem.

< :is a consequence of the fact that there are only finitely many pairs (i, 7). ]

Proposition 2.2.2. [4] Let n € Z > 0, let R be a ring, and for each 1 < 1 < n, let
ny

filz) = > ajx; € Rlz]. The set [[,—, fi(z)R is nilpotent if and only if [[,—,(a; R) is a
i=0

nilpotent right ideal, for all choices 0 < iy < ny (for each l).

proof:
= : we simplify to the case [[_, fi(x)R ,s0 let S = (i1, da,...,1,)|0 < i < ny be the set
of n-tuples whose entries consist of indices for the coefficients of the polynomials. We can
order S by saying

(11,42, -+, 0n) < (J1,J20 - - Jn)
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n n
if and only if there exists an integer m in the range 1 < m < n so that Y iy = >, Ji

I=m’ I=m’
when 1 < m' < m but i i < ijz . Given an n-tuple s = (i1,12,...,1,) € S, let
B, = H7:1(ail,lR)- We tluzon;k by iln:cgwtion on the well-ordered set S to prove that B is
nilpotent for each s € S. The claim is clearly true for the n-tuple sy = (0,0,...,0). Fiz
s = (i1,12,...,1,) € S, and suppose by induction that the claim is true for all n-tuples

t <s. Setk=> 1 . Looking at the degree k coefficient in the equation [[,—, fi(x)R =0

yields

> (ﬁ(aﬂ,lrl)) =0 (2.2)

Jitjottin=k =1
with v € R arbitrary. Specializing each r; to sy H?:ll(ail,,ysl,p) (for arbitrary s,y € R,
for all ! > 1 then, Equation (2.2) implies that Cs = [[;_,(I1,_,(a;,,I'R)) belongs to Y By,
which is nilpotent. On the other hand Bs" C C, and so By is similarly nilpotegz}his

completes the induction.

< : this implication is easy. 0

Corollary 2.2.1. Let R be a ring and f(x) € R|[z]]. Suppose A¢R is finitely generated.

The right ideal f(z)R[[x]] is nilpotent if and only if A¢R is nilpotent.

2.3 Principal Projective Rings (p.p. rings)

In this section we talk about the Principal Projective Rings (briefly p.p. rings), and study

its nilpotency.

Definition 2.3.1. A ring R is called a right(left) p.p. ring if each principal right(left)
ideal of R is projective, or equivalently, if the right(left) annihilator of each element of R
s generated by an idempotent. A ring is called a p.p. ring if it is both right and left p.p.

Ting.

28



Definition 2.3.2. [19] Let R be a ring. For a subset X of a ring R, we define Ng(X) =
{a € R : za € nil(R), for all x € X}, which is called the nilpotent annihilator of X in
R.

If X is a singleton, say X =1, we use Ng(r) in place of Nr({r}).

Clearly, for any nonempty subset X of R, we have ;

Np(X)={a € R:za€nil(R), for all z € X}

Ni(X)={be€ R:bx € nil(R), for all x € X}.

Example 2.3.1. [19] Let Z be the ring of integers and To(Z) the 2 X 2 upper triangular

2 0
matriz ring over Z. We consider the subset X = { } , SO ;
0 2

0 m
NT2(Z)(X):{ 7m€Z}'
0 0
Proposition 2.3.1. [19] Let X, Y be subsets of R. Then, we have the following:
(1) X CY implies Nr(X) 2 Ng(Y).
(2) X C Np(Ng(X)).
(8) Nr(X) = Nr(Nr(Nr(X))).

proof:

(1): by definition.

(2): it is clear , since Vz' € X | we have 2'a’ € nil(R) , Va’' € Ng(X).

(3): Applying (2) to Ng(X), we obtain Ng(X) C Nr(Ng(Ng(X))).

Since X C Ng(Ng(X)), we have Ng(X) DO Ni(Nr(Ng(X))), by (1). Therefore,

Np(X) = Np(Ng(Nr(X))). 0
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Lemma 2.3.1. Let R be a subring of S. Then, for any subset X of R, we have Nr(X) =
Ns(X)NR.

proof.

Let r € Ngr(X). Then, r € R and zr € nil(R), for each x € X, and so zr € nil(S5), for
each © € X. Hence, r € Ng(X) N R and so Ng(X) C Ng(X) N R.

Assume that a € Ng(X)NR. Then, a € R and za € nil(S), for each x € X. As X C R, we
have za € nil(R), for each € X. Thus a € Nr(X) and so Ng(X) 2 Ng(X) N R. There-
fore, Np(X) = Ng(X) N R. O

Definition 2.3.3. [21] A ring R is said to be a nilpotent p.p. ring if for any element

p € R with Ng(p) # R, Nr(p) is generated as a right ideal by a nilpotent element.

Lemma 2.3.2. [15] Let R be a semicommutative ring. If ab € nil(R), for a,b € R, then

aRbR C nil(R).

proof:

Suppose ab € nil(R). Then, abs € nil(R) for any s € R, since nil(R) is an ideal of
R. Thus, there exists a positive integer n such that (abs)” = absabs...abs = 0, and so
arbsarbs . ..arbs = 0, for any r € R, because R is a semicommutative ring. Hence, arbs €

nil(R), for each r € R and s € R. Therefore aRbR C nil(R). O

Proposition 2.3.2. [5] Let R be a semicommutative ring. Then, R is a nilpotent p.p. ring

if and only if R[x] is a nilpotent p.p. ring.

proof:

Suppose that R is a nilpotent p.p. ring. Let f(z) = ag + a1x + ... + a, 2™ € R[z], with
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Ng[z](f(x)) # Rlx]. We show that Ng[z](f(z)) is generated by a nilpotent element. If

g(x) = by + bz + ...+ b2 € Ng[z|(f(x)), then we have

flx)g(x) = (éax) (ébjxj) = mi ( > aibj):r;s e nil(R[x]).

s=0 i+j=s

We have the following system of equations by Lemma (2.3.3):

Ng = Z a;b; € nil(R[z]),s =0,1,...,m+n.
i+j=s
We will show that a;b; € nil(R) by induction on i+j. If i+j = 0, then agby € nil(R), boag €
nil(R).
Now, suppose that s is a positive integer such that a;b; € nil(R), when i + j < s. We will
show that a;b; € nil(R), when i+ j = s.

Consider the following equation:
(%) : Ay = agbs + ar1bs_1 + ... + asby € nil(R).
Multiplying Eq.(x) by by from left, we have
boasby = by AN —(bpag)bs — (bpai)bs—1 — ... — (boas—1)bs.

By the induction hypothesis, a;by € nil(R), for each 7,0 < i < s, and so bpa; € nil(R), for
each 7,0 < i < s. Thus, byasby € nil(R) and so byas € nil(R), asby € nil(R).

Multiplying Eq.() by b1, ba, . .., bs_1 from the left side, respectively, yields as_1b; € nil(R),
as—2by € nil(R), ..., apbs € nil(R), in turn. This means that a;b; € nil(R), when i+ j = s.
Therefore, by induction we obtain a;b; € nil(R), for each i, j, and so b; € Ng(a;), for each

i,0 <i<mand j0<j<n. If Ng(a;) = R, for each i,0 < i < m, then a;r € nil(R) for
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each 7,0 <7 < m and each r € R. So, for any u(x) = ug+wz+...+ux’ € Rlx], we have

a;u; € nil(R) for each 7,0 <4 < m and each 5,0 < j <t. Thus,

e =5 (

s=0

> aiuj) z° € nil(Rlz]).

i+j=s

by Lemma (2.3.3), and so u(z) € Ng[z|(f(x)). Thus, we obtain Ng[x](f(z)) = R[x]. This
is contrary to the fact that Ng[z](f(x)) # R[z]. Thus, there exists an ¢,0 < i < m, such
that Ng(a;) # R. Since R is a nilpotent p.p. ring, there exists some ¢ € nil(R) with
Ng(a;) = cR. Now, we show that Ng[z](f(x)) = cR[z]. Since b; € Ng(a;) = cR for each
J,0 < j <, there exists ; € R such that b; = cr; , and so g(x) = c(ro+riz+...+r,a") €
cR[z]. Hence, Ng[z]|(f(z)) C cR[x]. On the other hand, for h(z) = ho+hiz+...+ hya? €

R[z], we have

fx).ch(z) = (éaw) (ichjxj) = mip ( > aichj> z° € nil(R[z]).

j=1 s=0 i+j=s

Since nil(R) is an ideal of R and ¢ € nil(R), we obtain a;ch; € nil(R) and so f(z).ch(x) €
nil(R[z]), by Lemma (2.3.3). Hence, Ng[z|(f(z)) D c.R[z], and so Ng[z|(f(z)) = c.R[z],
where ¢ € nil(R[z]). Therefore, R[x] is a nilpotent p.p. ring.

Conversely, assume that R[z] is a nilpotent p.p. ring. Let p € R, with Ng(p) # R. If
Nglz](p) = R[z], then we have Ng(p) = Ng[z](p) N R = R, by Lemma (2.3.1), which is a
contradiction. Thus, we obtain Ng[x](p) # R[z]. Since R[z] is a nilpotent p.p. ring, there
exists u(z) = ug + wix + ... + usx® € nil(R[z]) such that Ng[z](p) = u(z).R[z]. Since
u(z) = ug + w1 + ... + usx® € nil(R[z]), we obtain u; € nil(R) for each 1,0 < i <'s, by
Lemma (2.3.3). Now, we show that Ng(p) = ug.R. Since ug € nil(R) and nil(R) is an
ideal of R, we have puor € nil(R) for each r € R. Thus, ugr € Ng(p), for each r € R,

and so Ng(p) D ug.R. Suppose that m € Ng(p). Then, m € Ng[z](p), and so there exists
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p(x) =po+p1x+...+px? € R[z| such that m = u(x)p(x). Hence, m = ugpy € up.R, and

so Ngr(p) C ug.R. Therefore, Ng(p) = ug.R, and so R is a nilpotent p.p. ring. O

Proposition 2.3.3. [19] Let R be a semicommutative ring. Then, f(x) = ag+az+ ...+

a,x™ € R[x] is a nilpotent element of R[x] if and only if a; € nil(R), for all 0 < i < n.

proof:

= : Assume f(z) is nilpotent, for n = 0 (constant polynomial), we have f(z) = ao, and
(f(x))™ = 0, which implies that (ag)™ = 0, thus all coefficient of f(x) are nilpotent.

Now by induction on n, we get that each coefficient of f(x) is nilpotent (i.e. € nil(R)).

< : Suppose that a; € nil(R), for all 0 < i < n, we need to show that f(x) is nilpotent.

For m = index of nilpotency of {ag, a1, ...a,}, we have:
(f(@))™ = (a0 +a A apa)"
= Z < ) ag+ax + ...+ ap 2" N (apa™)™
7j=1
- Z ( ) ao + a1z + ...+ a1 ) ((an) "z
7=1
Z < ) ap + a1r + ...+ ap_12" 1)) % (0).  (Since(a,)™ = 0)
7=1
=0.
Therefore, (f(x)™) =0, so f(z) is nilpotent in R|x]. O
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2.4 Laurent Polynomial Ring

In this section we introduce the Laurent Polynomial Rings, and conclude how some of the

nilpotency properties are passing from the ring to this type of rings.

Definition 2.4.1. [19] The ring of Laurent polynomial in x, with coefficients in a

ring R, consists of all formal sums > m;x® with obvious addition and multiplication, where
i=k

m; € R and k,n are (possibly negative) integers.

We denote this ring by R[x;x ™.

If f(z) is a nilpotent element of R[z;z~!], then we say that f(z) € nil(R[x;z7]).

Lemma 2.4.1. Let R be a semicommutative ring. Then, f(z) = > a;x* € R[z;x7 '] is a
i—k

nilpotent element of R[x; x| if and only if a; € nil(R), for each i,k < i < n.

proof:

There exists a positive integer ¢ such that f(z).2' € R[z]. Note that (f(z))* = 0 if and only

if (f(x)a:t)k = 0, where k is a positive integer. Then, the proof is complete by Proposition

(2.3.3). O

Lemma 2.4.2. [22] Let R be a semicommutative ring, f(z) = > a;x* € R[z;x™'] and
i=k

g(x) = Zajmj € Rlz;x7 Y. Then, we have f(x)g(z) € nil(R[x;z7Y]) if and only if
=l
a;b; € nil(R), for each i,k <1i < m and for each j,l < j <n.

proof.

Suppose that a;b; € nil(R)), for each i,k < i < m and for each j,l < j < n. Then,

f(x)g(z) = mi" ( > aibj)xs € nil(Rlz; 7)),

s=k+l Nitj=s
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by Lemma (2.4.1). So it suffices to show that a;b; € nil(R) for each ¢, j, when f(z)g(z) €
nil(R[z; z7']. There exist positive integers u and v such that f(z)z* € R[z] and g(x)z" €
R[z]. Since (f(x)g(x))* = 0 if and only if (f(x)z%g(z)z")* = 0, where k is a positive
integer.

Same as the proof of Proposition (2.3.2), we obtain that a;b; € nil(R), for each 1, j. O

Proposition 2.4.1. [19] Let R be a semicommutative ring. If R is a nilpotent p.p. ring,

then so is Rlx;x™ 1.

proof:

Let f(x) = iaixi € R[x;z7!], with Nglz;2 Y (f(z)) # R[z;x™']. We show that

i=k

Ng[z;27](f(x)) is generated by a nilpotent element. If g(z) = i bjx; € Nglz;z7(f(x)),
then f(z)g(x) € nil(R[z;27']). Then, we obtain a;b; € ml(lg,l for each 1, j, by lemma
(2.4.2), and so b; € Ng(a;) for each j,1 < j <n and each i,k < i < m. If Ng(a;) = R,
for each i,k < i < m, then for each h(z) = Zt: hijx; € Rlxz;x~Y, we have a;h; € nil(R),
for each i,k <7 < m and s < j <t. Thus, }?;)h(:v) € nil(R[x;z7]), by lemma (2.4.2),
and so h(z) € Nglx;z7')(f(x)). Hence, we obtain Ng[z;x '](f(z)) = R[z;x'], which
is a contradiction. Thus, there exists an i,k < i < m, such that Ng(a;) # R. Since
R is a nilpotent p.p. ring, there exists some ¢ € nil(R), with Ng(a;) = cR. Now, we
show that Ng[x;271(f(x)) = c.R[z;2~!]. Since b; € Ng(a;), for each 7,1 < j < n, there
exists 7; € R such that b; = c.r;. Thus, g(z) = Zn:lbjxj = C(Zn:lrja:j) € c.R[z;z71].
i =

t

Hence, Ng[z;27'(f(z)) C c.R[z; 2. Let q(x) = Y. qjz; € Rlx;27Y]. Since ¢ € nil(R)

j=v

and nil(R) is an ideal of R, we obtain a;cq; € nil(R), for each 4, j, and so f(z).cq(z) €
nil(R[z; z™']), by Lemma (2.4.2). Thus, Nglz;27'|(f(z)) 2 c.Rlx; 7).
Hence, Ng[z; 2 '(f(x)) = c.Rlx; 27|, where ¢ € nil(R[z;x7]). Therefore, R[z;z7!] is a

nilpotent p.p. ring. O
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Chapter 3

Armendariz Rings

In this Chapter we study Armendariz Rings and present its types, namely, weak Armen-
dariz and nil Armendariz rings and discuss the relation between these rings and Armendariz
Rings. Furthermore we study the effects of Armendariz property of a ring on nilpotency
property. In addition we study the skew inverse Laurent-serieswise Armendariz rings for
any ring with an automorphism, and introduce the notions of a strongly Armendariz ring

of inverse skew power series type, and an a-compatible ring.

3.1 Armendariz rings

We study in this secion the Armendariz Rings, and see that Armendariz property pass

from the ring into its polynomial ring.

Definition 3.1.1. [7] A ring R is called Armendariz if for any f(x) = > a;x; ,and
i=0

g(z) = > bjx; € Rlz], f(x)g(x) =0 implies that a;b; =0 for all i and j.
j=0

if R is an Armendariz ring, then nil(R) is a subring of R and nil(R)[z] = nil(R|x]).

Hence nil(R) is a locally nilpotent subring of R, when R is an Armendariz ring.
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The following example shows that there exist non Armendariz rings such that the set of

its nilpotent elements is a locally nilpotent ideal.

Example 3.1.1. [7] Let Z be the ring of integers and let

R= ;a—b=c=0(mod2)

, hence nil(R) is a locally nilpotent ideal of R.

Definition 3.1.2. If f(x) € R[z], coef(f(z)) denotes the subset of R of the coefficients of

f(z) , if A C Rlx], then coef(A) is the set of all the coefficients of all polynomials in A.

Definition 3.1.3. [2] A ring R is said to be weak Armendariz if whenever two polyno-

mials f(x),g(x) € Rlx| satisfy f(x)g(x) =0, then ab € nil(R) for all a € coef(f(x)) and

b € coef(g(x)).

Proposition 3.1.1. [19] Suppose R is an Armendariz ring, if fi, fo,..., fn € Rlx] are

such that fifs... fn =0, then aias...a, =0, where a; is a coefficient of f;.

proof:

Suppose fifs ... fn =0, and let a; be any coefficient of f;. Now we have fi(f2... f,) = 0,80
a;b = 0 for any coefficient b of fo ... f,.Thus ay fo ... f, =0, thus (a1 f2)(fs ... fn) = 0. Since
ajay is a coefficient of a; fo, we have (ajag)c = 0 for each coefficient ¢ of f3... f,. Hence

aias fs ... f, = 0. Continuing, we see that a1ay...a, =0 ]
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Theorem 3.1.1. [19] A ring R is Armendariz iff R|x] is Armendariz.

proof:

<: Any subring of an Armendariz ring is again Armendariz.

=: Suppose that R is an Armendariz ring, and let f(T), g(T) € R[z|[T] with fg = 0. write
f(T) = fo+riT+.. +£,1",and g(T) = go+ 1 T+. . .+9, T, where f;, g; € R[z]. We need
each f;g; = 0. Let k = deg(fo)+...+deg(fn)+deg(go)+...+deg(gm), where the degree is as
polynomials in z , and the degree of the zero polynomial is taken to be zero. Then f(z*) =
fo+ firg" 4.+ fox® | g(2®) = go+gra*t +. ..+ gma™™ € R[z], and the set of coefficients
of fls(resp.,g.s) equals the set of coefficients of f(z*)(resp.g(z¥)). Since f(T)g(T) = 0,
and z commutes with elements of R, f(z*)g(2*) = 0. Since R is an Armendariz ring , each
coefficient of f; annihilates each coefficient of g;. Thus f;g; = 0, therefore R[z] is an Armen-

dariz ring. [

Theorem 3.1.2. [19] Let R be a ring and n > 2, then R[x]/(z") is Armendariz if and

only if R s a reduced ring.

proof:

=: suppose that R[z]|/(2") is Armendariz, let r € R with r™ = 0. Since r and & commutes,
0=7r"—2"T" = (r —2T)(r" '+ 7" 22T + ... + 2" 1T 1), where T is an indeterminate,
and = € R[z]/(z™). Now R[z]/(x™) Armendariz gives rZ"~' = 0, and hence r = 0, it easily
follow that R is reduced.

<: suppose that R is reduced.Denote T € R[z]/(z™) by u, so R[z|/(z") = R[u] = R+ Ru+
...+ Ru™!, where v commutes with elements of R and uv" = 0. Let f,g € R[u][T] with
fg =0. We can write f = fo+ fiu+...+ fo_u™ ! and g = go+gru+. ..+ gn,_1u™"*, where
fi»9i € R[T]. Now for f;u’ and g;u’, where i+ j > n, the coefficients of f;u’ annihilate the

coefficients of g;ju’ since u'™/ = 0. We show that if i + j < n , then fig; = 0 and hence
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since R is reduced and thus Armendarize, the coefficients of f; annihilate the coefficients
of g;. Thus the coefficients of f annihilate the coefficients of g.
Now 0 = fg = (fo+ fiut+ ...+ furt" (go + gru+ ... + gn1u™ ') = fogo + (foor +

fig0)u + (foge + figr + fog0)u + ...+ (fogn-1 + figno+ -+ fa1g0)u™ L.
So,

0= fogo = fog1 + figo = fog2 + fig1 + f200 = ... = foGn-1 + fiGn—2+ ...+ fa_190

Now if i + j < n, we see that f;g; = 0. O

3.2 Nil-Armendariz rings

In this section, we introduce a type of Armendariz rings which is the Nil-Armendariz rings,

and see the relation between them.

Definition 3.2.1. [7] A ring R is said to be nil-Armendariz if whenever two polynomials
f(x),9(x) € R[z] satisfy f(x)g(x) € nil(R)[z], then ab € nil(R) for all a € coef(f(z)) and

b€ coef(g(x)).

Proposition 3.2.1. Let R be a ring and I < R a nil ideal. Then R is nil-Armendariz if

and only if R/ is nil-Armendariz.

proof:

We denote R = R/I . Since I is nil, then nil(R) = nil(R). Hence f(z)g(z) € nil(R)|z]
if and only if f(x)g(r) € nil(R)[z]. And, if a € coef(f(x)) and b € coef(g(x)), then
ab € nil(R) if and only if ab € nil(R).

Therefore R is nil-Armendariz if and only if R is nil-Armendariz. [
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Lemma 3.2.1. Let R be a nil-Armendariz ring andn > 2. If f1(x), fo(z), ..., fu(x) € R[]
such that fi(x)fo(z)... fu(x) € nil(R)[z] , then if ay € coef(fr(x)) for k =1,...,n, we

have ajas . .. a, € nil(R).

proof:

We use induction on n. The case n = 2 is clear by definition of nil-Armendariz ring.
Suppose n > 2. Consider h(z) = fi(x)... fu_1(x). Then h(zx)f,(z) € nil(R)[z] and hence,
since R is nil-Armendariz apa, € nil(R) , where a;, € coef(h(z)) and a, € coef(f,).

Therefore, for all a,, € coef(f.(x)),

fi(@) - foa (@) (faa(2)an) = h(x)an € nil(R)[z],

and by induction, since the coefficients of f,,_1(x)a, are a,_1a, , where a,_; is a coefficient

of fn_1(x), we obtain ajas...a, 1a, € nil(R) for ai € coef(fr(x)),k=1,... n. O

Lemma 3.2.2. [2] Let R be a nil-Armendariz ring.

(a) If a,b are nilpotent, then ab is nilpotent.

(b) If a,b, c are nilpotent, then (a + b)c and c(a + b) are nilpotent.
(c) If a,b, c are nilpotent, then a + be is nilpotent.

(d) If a,b are nilpotent, then a — b is nilpotent.

proof:

(a): Suppose a, b are nilpotent and b™ = 0. Then (a—abz)(1+br+b*2*+. . . +b" g™l =
a € nil(R)[z]. Since R is nil-Armendariz, so ab € nil(R) [by Lemma (3.2.1) |.

(b): Suppose a,b,c are nilpotent and a” = ™ = 0. Then (1 + ...+ a" ‘2" 1) (1 —
az)(1 —bzx)(1+ ...+ 0™ 2™ e = ¢. If we multiply the polynomials in the middle, we
obtain (1 + ...+ a" 2" 1) (1 — (a + b)x + abz®)(1 + ... + ™ 2™ 1)c = ¢. Now, since

R is nil-Armendariz, and ¢ € nil(R)[z], by Lemma (3.2.1), we can choose the appropriate
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coefficients from each polynomial to obtain (a + b)c € nil(R). Similarly we see that
c(a+b) € nil(R).
(c): Suppose a,b,c are nilpotent. By (a) , be is nilpotent, and by (b), b(a + bc) is also

nilpotent. Hence

(1 —bz)(c+ (a+bc)xr) = ¢+ ax — bla + be)x® € nil(R)[x].

Now, since R is nil-Armendariz, 1.(a + bc) = a + be is nilpotent.
(d): Suppose a,b are nilpotent. Now by applying (c) several times we can see that,

2 @ and —b are nilpotent, a? — ab is nilpotent; hence a? — ab — ba is nilpotent; hence

since a
a®—ab—ba+b? is nilpotent. Therefore (a—b)? is nilpotent, which means that a —b is nilpo-

tent. ]

Theorem 3.2.1. [2| If R is a nil-Armendariz ring, then nil(R) is a subring of R.

proof:
Let a,b € nil(R), we need to show that both a — b and ab are nilpotent elements (i.e. €

nil(R)).Which is satisfied by Lemma (3.2.2). O

Lemma 3.2.3. If R is a nil-Armendariz ring with no nonzero nil ideals, then R is Ar-

mendariz.

proof:

Since R has no nonzero nil ideals, it does not contain any nonzero nil one-sided ideals.
Suppose f(z),g(x) € R[x] such that f(x)g(x) =0. Let a € coef(f(z)) and b € coef(g(x)).
Forall r € R, since rf(x)g(z) = 0, R is nil-Armendariz, and ra € coef(r f(z)), we have that

rab is nilpotent. Hence Rab is a nil one-sided ideal. Then Rab = 0 and thus ab = 0. There-
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fore R is Armendariz. O]

Lemma 3.2.4. [7| If R is nil-Armendariz, then nil(R[z]) C nil(R)[z].

proof:
Suppose f(z) € nil(R[z]) and f(z)™ = 0. By Lemma (3.2.1), we have that a;...a, €
nil(R) , where a; € coef(f(z)) for i = 1,...,m. In particular, for every a € coef(f), a™

is nilpotent.

Therefore a € nil(R) for all a € coef(f(x)) and hence f(x) € nil(R)[z]. O

Theorem 3.2.2. [2] Let R be a nil-Armendariz ring. Then, R[z] is nil-Armendariz if and
only if nil(R[z]) = nil(R)|[x].

proof:

(=): If R[x] is nil-Armendariz, by Theorem (3.2.1), we have that nil(R[z]) is a subring of
R[z]. Clearly nil(R)z* is nil for any k > 0, and thus nil(R)[x] C nil(R[z]). Now, since R is
a subring of R[z], it is nil-Armendariz and, by Lemma (3.2.4), we have the other inclusion.
Hence nil(R[x]) = nil(R)][x].

(«<): Now suppose that nil(R[z]) = nil(R)[z]. Let f(y),g(y) € (R[z])[y] such that

f(y)g(y) € nil(R[x])[y]. If

fly)=fo+ fiv+...+ fuy", where f;= i:fikwk,
k=1

2
9y) =90+ qy+ ...+ gny", where g; = ijlxl,
=1

and M > max(s;,t;. .) , then, by evaluating at 2™, we obtain polynomials f’(z) = f(z™)

Jij

and ¢'(z) = g(z™) whose coefficients are all the f] s and g} s. Also, since nil(R[z]) =
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nil(R)[x], f'(z)g'(x) € nil(R)[z]. Since R is nil-Armendariz, f;, g; € nil(R). Now, since
nil(R) is a subring of R, we have that fig; € nil(R)[z]. Finally, since nil(R)[z] =

nil(R[x]), fig; is nilpotent, hence R[x] is nil-Armendariz. O

Proposition 3.2.2. If R is an Armendariz ring then R is nil-Armendariz.

proof:

Suppose f(z),g(z) € Rz] such that f(z)g(z) € nil(R)[z]. Since R is Armendariz, by
Lemma (3.2.4), f(z)g(x) is nilpotent and there exists k& > 1 such that (f(x)g(z))* = 0.
Hence, since R is Armendariz, for all a € coef(f(z)) and b € coef(g(x)), by choosing the
corresponding coefficient in each polynomial, we have abab . ..ab = 0 and thus, ab € nil(R).

Therefore R is nil-Armendariz. O]

Hence nil-Armendariz rings stand as a generalization of Armendariz rings and a partic-
ular case of weak Armendariz rings. For those rings, the property of being nil-Armendariz
clearly passes to subrings, and in fact, most of the results can be proved for nil-Armendariz

rings.

3.3 skew inverse Laurent-serieswise Armendariz

In this section, for any ring with an automorphism we study the skew inverse Laurent-
serieswise Armendariz rings, and introduce the notions of a strongly Armendariz ring of

inverse skew power series type, and an a-compatible ring.

Definition 3.3.1. [9] Let R be a ring equipped with an automorphism «. We denote by

R((z7',a)) the inverse skew Laurent series ring over the coefficient ring R formed
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by formal series

f(x) = Z a;z’,

1=—00
where x is a variable, n is an integer and a; € R. In the ring R((z™!, «)), addition is

defined as usual and multiplication is defined with respect to the relation:
Vi, r'a = o' (a)x’.

Now we will study the ring B((x~!, a)), and introduce a skew inverse Laurent-serieswise
Armendariz ring as a generalization of the standard Armendariz condition from polynomi-

als to skew inverse Laurent series.

Definition 3.3.2. [9] A ring R is called power-serieswise Armendariz, if a;b; =0, for

all i,j , whenever power series f(z) =Y a;x’, g(x) = > bja? in R|[z]] satisfy f(x)g(z) =
i=0 Jj=0

0.

Definition 3.3.3. [9] A ring R is called a skew inverse Laurent-serieswise Armen-

dariz (or simply, SIL -Armendariz) ring, if for each elements f(z) = Y. a;z’ ,and

1=—00

g(z) = 3 bja? € R((z7ha)) , f(z)g(x) = 0 implies that a;a'(b;) = 0 for each i < n
Jj=—00

and 7 < m.

Theorem 3.3.1. [9] Let R be a ring with an automorphism o and A = R((z™!,a)). Then

the following statements are equivalent:

1. R is SIL-Armendariz.

0 0
2. For each f(z) = 3 aa' ,and g(x) = 3 bjx? in A, if f(x)g(x) = 0, then

1=—00 j=—00

a;a(bj) =0, for each i, j < 0.

3. Foreach f(x) = Y. ax',andg(x) = Y bzl in A, if f(x)g(z) =0, then agb; = 0,

i=—00 J=—00

for each 5 < m.
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0 0
4. Foreach f(z) = > au',andg(x) = > bjadin A, if f(x)g(x) =0, then agb; = 0,

1=—00 j=—00

for each j < 0.

= (3) : It is clear.
= (4) : Take n =m = 0.
=

(1): Let f(z) = i a;z" jand g(x) = 3 bja? be series of R((z7',a)) with

1=—00 j=—00

f(z)g(x) = 0. We have;

fla)gle) = () aa')( Y ba!)

1=—00 j=—o00
n

= ( Z aixi_”)x"( Z bjxj)

1=—00 j=—00

m

= (> a@™) () a"by)a’t) = 0. (a.1)

1=—00 j=—00

By multiplying =™ from the right-hand side of Eq. (a.1), we obtain

m

(> aa™™)( Y a'(b)a’™™) =0.

1=—00 j=—00

So a,a™(bj) =0, for each j < m, by (4). This implies that

F@o() = (X a3 by
- (i aim"*”“)x"’l(lz bz’)
=( i a;x' " ( Z a”_l(bj)xj+"_1) =0 (a.2)

i=—00 j=—00
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By multiplying 27"~™"! from the right-hand side of Eq. (a.2), we obtain
n—1 m
( Z G,il'i_n+1)( Z an—l(bj)xj—m —0.
1=—00 j=—o00

Hence a,,—1a™1(b;) = 0, for each j < m, by (4). By continuing in this way, we get

a;a'(bj) = 0, for each i <n and j < m and the result follows. O

Definition 3.3.4. [9] Let R be a ring with an automorphism «. We say that R is a
strongly Armendariz ring of inverse skew power series type (or simply, strongly
ISP -Armendariz ring), if R satisfies the following condition.

V f(z),9(z) € R((z™ Y, ), f(x)g(z) =0 < ab=0,YV a€ CsbeC,

where Cy and C,, are the sets of all coefficients of elements f(x) and g(x), respectively.

Definition 3.3.5. [7] A ring R is a-compatible if for each a,b € R,ab = 0 implies
ac(b) = 0.

Lemma 3.3.1. [9] Let a be an automorphism of a ring R. If R is strongly ISP —

Armendariz, then we have the following statements:
1. R is an a-compatible ring.
2. If ab = 0, then ac®(b) = oF(a)b = 0 for all integers k.
3. If a*(a)b = 0 for some integer k, then ab = 0.

Recall that No(R), N.(R), Lyad(R), N*(R),nil(R) and rad(R) denote the Wedderburn
radical, the lower nil radical, the Levitsky radical, the upper nil radical, the set of all

nilpotent elements and the Jacobson radical, respectively.
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Theorem 3.3.2. [7| Let R be a ring with an automorphism « and Ay, As be two subrings

of R((z7%,a)), as follows:
A = {f(z) = Zaiasi:aiER,m,nEN}
Ay = {f(:c):Zaixi:aieR,nEN}

If R is a strongly ISP-Armendariz ring, then (rad(A;) N R) and (rad(As) N R) are nil.

proof:

Let a € R be an element of rad(A;). Then 1 — ax is an invertible element in A;, (since
if 1 — ax is not invertible, then it is contained in a maximal ideal M of R. In particular,
since z is from M, we see that 1 € M which is a contradiction). So there exists an element

> bt € Ap such that

1=—m

(1 —az)( Z bir') = 1.

i=—m

Therefore we have:
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So by replacing b_,,, = 0 in Equation b_,,+1 — aa(b_,,) = 0, we get b_,,11 = 0. By
continuing in this way, we obtain b_,, = ... = b_; = 0 and by = 1. Now, by replacing
bp = 1 in Equation b; — aa(by) = 0, we have by = a. So by — aa(b;) = 0 implies that
by = aa(a).

Continuing in this way, we get aa(a)a?(a)...a™(a) = 0 and hence a"™! = 0, since R is
a—compatible by Lemma (3.3.1). Thus a € nil(R) and so (rad(A;)NR) is nil. Similarly, we

can show that (rad(A2) N R) is nil and the proof is complete. O
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Chapter 4

Nilpotence and The Jacobson Radical

This chapter studies the relation between the Jacobson Radical of a ring, and the relation
between it and nilpotence. We present many important definitions like quasi-regular left
(or right) ideal and idempotent element which we need in order to talk about the Jacobson
Radical. We also study the Prime Radical of a ring. Furthermore we present the J-Reduced

Rings and J-clean Rings that are related to the Jacobson Radical.

4.1 Nilpotence and The Jacobson Radical

In this section, we present The Jacobson Radical of a ring, some of its properties (Jacobson
Semisimple), and its relation with nilpotence. We also present many important definitions

like quasi-regular left (or right) ideal and idempotent element.

In a ring (R, +,.) , we define the circle operation o on R, as aob = a+b—ab, Va,b € R.

Definition 4.1.1. An element a € R of a ring R is said to be left quasi-regular (resp.
right), if there exists an element x € R such that v oa = 0 (resp. aox = 0). In this

case the element x is called a left (resp. right) quasi-inverse of the element a. And
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an element is called quasi-regular element if it is left and right quasi-regular.

A ring R is called quasi-regular ring, if each of its elements is quasi-regular.

Definition 4.1.2. Let A be an ideal (one- or two-sided) in a ring R. If each element of

A is quasi-reqular, then A is a quasi-regular ideal.

Definition 4.1.3. an tdempotent element, or simply an idempotent, of a ring is an

element e such that e*> = e.

Proposition 4.1.1. An idempotent element e of a ring R is left quasi-regular if and only

if e =0.

proof:
(=) If e = €* and z is a left-quasi-inverse of e, then z + e — ze = 0, and therefore
ze + e? —xe? = 0. Thus €2 = 0. But ¢? = e therefore ¢ = 0.

(«) if e = 0, then trivially an idempotent element e of a ring R is left quasi-regular. [

Corollary 4.1.1. The Jacobson radical of a ring does not contain nonzero idempotents.

If a,b are elements of a ring R with unity element e, then

(b—e)a—e)=ba—b—a+e=e—(boa).

Thus (b —e)(a —e) = e if and only if b o a = 0, hence it follows that a is quasi-regular

if and only if a — e is a unit.

Proposition 4.1.2. Every nilpotent element of a ring R s left quasi-regular.
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proof:

If a® = 0 with some exponent n > 2, then put + = —a —a?> — ... —a"'. Nowzoa =
r+a—za=—a’—...—a" ' —(—a®—...—a") = 0, and therefore z is a left quasi-inverse
of a. O]

Note.
Quasi-regularity is important because it provides elementary characterizations of the Ja-

cobson radical for rings without an identity element:

e The Jacobson radical of a ring is the sum of all quasi-regular left (or right) ideals.

e The Jacobson radical of a ring is the largest quasi-regular ideal of the ring.

Lemma 4.1.1. Let x be a nilpotent element of a ring R, then 1+ x is a unit of R.

proof:

x is nilpotent, so ™ = 0 for some n > 0. Then, by direct computation, we see that

1+z)1—a+2>+.. . +(-D"2") =1+ (-)"2""' =1+0=1,

therefore,1+x is a unit in R. O

Proposition 4.1.3. [1] For a ring R, the following are equivalent:
(a) x € J(R).
(b) For allr € R, 141z has a left inverse (i.e. there is an s € R such that s(1+rx) =1).

(¢) For allr € R, 1 + 1z is a unit.

proof:

(a) = (b) : Since J(R) is a left ideal, it suffices to show = € J(R) = 1+ has a left inverse.
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If not, then R(1+ z) is a proper left ideal and hence there is a maximal left ideal M with
1+x€ M. But x € M, so 1 € M, a contradiction.

(b) = (c) : By assumptionl + rz has left inverse, say s(1 4+ rz) = 1. Hence s = 1 — srx
also has a left inverse, again by assumption; say ts = 1. But if an element in a ring has
both a left and right inverse, the two are equal. Here we conclude t = 1 + rz. Hence s is
a 2—sided inverse of 1 +rz, i.e. 1 4+ rx is a unit.

(¢) = (a) : Suppose 1+ 7z is a unit for all 7, and let M be a maximal left ideal. If = ¢ M,
then Rx + M = R, so thereis an r € R and y € M such that re +y =1. Theny =1—-1rx

is a unit by assumption, so 1 € Ry and Ry = R, contradicting y € M. O]

Proposition 4.1.4. If I is a left ideal consisting of nilpotent elements, then I C J(R).

proof:
If z € I then rz is nilpotent for all » € R, so 1+rz is a unit for all » € R. Hence, by Proposi-

tion (4.1.3) z € J(R). O

Corollary 4.1.2. If R is commutative, then nil(R) C J(R).

Equality need not hold in this corollary. For example if R = Z,) then nil(R) = 0 and

Lemma 4.1.2. Let I be any ideal of R lying in J(R). Then J(R/I)= J(R)/I.

proof:
J(R/I) = (M +I), where M is a maximal ideal of the ring R, but since I C J(R), then
N(M+I)=(M)+1,s0 J(R/I)=J(R)/I. O

02



Definition 4.1.4. A ring R is called Jacobson semisimple if J(R) = 0.

Note that Jacobson semisimple rings are also called semiprimitive rings.

Lemma 4.1.3. If a left (resp., right) ideal I C R is nil, then I C J(R).

proof:
Let y € I. Then for any x € R, xy € [ is nilpotent. It follows that 1 — xy is a unit. There-

fore, by Proposition (4.1.3), we have y € J(R). Therefore I C J(R). O

Lemma 4.1.4. There are equivalent ways of expressing the definition of maximal ideals.
Given a ring R and a proper ideal I of R (that is I # R), I is a mazimal ideal of R if any

of the following equivalent conditions hold:
e There exists no other proper ideal J of R so that I € J.
e For any ideal J with I C J, either J =1 or J = R.

e The quotient ring R/ is a simple ring (where a simple ring is a non-zero ring that

has no two-sided ideal besides the zero ideal and itself).
Theorem 4.1.1. Let R be a ring , then J(R/J) = 0.

proof:
The maximal ideals of the ring R/J are precisely the ideals of the form M/J , where M is a
maximal ideal of R. So by lemma (4.1.4), we get that J(R/J) = 0. O

Theorem 4.1.2. Let R be a left artinian ring. Then J(R) is the largest nilpotent left ideal,

and it 1s also the largest nilpotent right ideal.
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proof:
In view of Lemma (4.1.3), we are done if we can show that J = J(R) is nilpotent. Applying

the left DCC (descending chain condition) to

JDOJPDJ3D ...,

there exists an integer k£ such that

JE=J = =T (say).

We claim that I = 0. Indeed, if I # 0, then, among all left ideals L such that I.L # 0,
we can choose a minimal one, say Ly (by the left DCC). Fix an element a € Ly such that
I.a # 0. Then

I.(Ia)=I*a=1Ia#0

so by the minimality of Ly, we have I.a = Ly. Thus, a = ya for some y € I C rad(R). But
then (1—y)a = 0 implies that a = 0 since 1 —y is a unit. This is a contradiction, so we must

have I = JF = 0. O

The theorem we just proved and the lemma preceding it have the following pleasant

consequence:

Corollary 4.1.3. In a left artinian ring, any nil left ideal is nilpotent.
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4.2 The Prime Radical

In this section, we study the Prime Radical of a ring and review the strongly nilpotent

concept which is related to the Prime Radical.

Recall that the prime radical is the intersection of all the prime ideals, and we will

denote it by P(R).
Lemma 4.2.1. A ring R is semiprime iff P(R) = 0.

proof:

= : Suppose that R is a semiprime ring, so (0) is a semiprime ideal (i.e. for any ideal J,
J2C0=JCO0).

Recall that every prime ideal is a semiprime ideal, we have (0) a semiprime ideal and it is
the smallest semiprime ideal, so P(R) =[S, (S : prime ideals) is a prime ideal and so it
is a semiprime ideal, since (0) is the smallest one , we get that P(R) = 0.

< : suppose that P(R) = 0. Now P(R) is a prime ideal, so in our case, (0) is a prime ideal

and also a semiprime ideal, therefore R is a semiprime ring. O

Definition 4.2.1. An element a of a ring R is strongly nilpotent in case for every

sequence agp,ay, ... in R if

ap=a, and anpy1 € apRa, for all n >0,

there must exist some n € N with a,, = 0.

That this really is a statement about the nilpotence of a maybe made a bit more clear

with the following characterization.
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Lemma 4.2.2. An element a € R is strongly nilpotent iff for every sequence 1, o, ... in

R, there exists some n € N with

a(xra(xsal. .. a(x,_1a(x,)ax,—1)a...a)xy)ax,)a = 0.
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proof:

= : In our case, we have

1 = a.
Ty = a(z)a. (x9 € 21 Rxy)
ry = a(r1a(z2)az)a. (x3 € zaRxs)

Tpi1 = a(zra(zaa(. . . a(r,—1a(z,)azr,—1)a. . .)axs)ax;)a.

=a, =0.

Therefore a(zya(zqa(...a(rp_1a(zy)az,—1)a...a)xs)ax)a = 0.

< : reversible steps. O

Theorem 4.2.1. The prime radical of a ring R is

P(R)={a € R:a is strongly nilpotent}.

proof:
Suppose that a ¢ P(R), so there is some prime ideal I with a ¢ I. Since [ is prime, there
is a function ¢ : R/I — R/I such that o(x) € xRx/I for each x € R/I.

Now define a sequence ag, ay, ... in R/I recursively by

ag = a, and a,y1 = olay,), for all n >0
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Since a,, # 0 for all n € N, a is not strongly nilpotent.

On the other hand suppose that a € R is not strongly nilpotent. Then there is a
sequence

a = Qg,0a1,09, ...

in R with 0 # a,41 € a,Ra,, for alln > 0. Then there is an ideal [ maximal w.r.t. a, ¢ I for
all n € P. We claim that [ is prime. Indeed, suppose that K, .J are two ideals neither con-
tained in /. Then by maximality, there must be some n € N with a,, € K+ and a,, € J+1.
But then a,+1 € a,Ra, C KJ+1. So KJ ¢ I, and I is prime. Of course, this means that
a ¢ P(R). O

Corollary 4.2.1. For every ring R, its prime radical P(R) is a nil ideal.

Corollary 4.2.2. For a ring R the following are equivalent:

1. R is semiprime.

2. P(R) =0.

3. I* = 0 implies I = 0 for every left (right/two-sided) ideal I of R.

4. aRa = 0 implies a = 0.

5. R has no non-zero nilpotent left (right/two-sided) ideals.

6. 1J =0 implies I N J =0 for every pair I,J of left (right/two-sided) ideals.

proof:
(1) < (2) : This is simply by lemma (4.2.1).
(6) = (3) = (4) , and (3) < (5) are all trivial.
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(2) = (6) : If I.J =0, then IJ C K for every prime ideal K, so I N.J C K for every prime
ideal K. Thus, by (2),INnJ =0.
(4) = (2) : By (4) there is a map o : R/{0} — R/{0} such that o(a) € aRa for each a # 0

in R.
Then for each a # 0 in R the sequence a, o (a),o%(a), ... is never 0, so a is not strongly nilpo-
tent. Thus, by Theorem (4.2.1), P(R) = 0. O

Remark 4.2.1. Any nilpotent element in R is in all prime ideals of R.
i.e., ifnil(R) ={a € R;a™ =0 for some n € N} and P(R) = NP, where the intersection

is taken over all prime ideals of R, then nil(R) C P(R).

We now have the following important Theorem which establishes a relationship between

the set of nilpotent elements and the prime ideals.

Theorem 4.2.2. The set of all nilpotent elements in a commutative ring R with 1 s the

intersection of all prime ideals, i.e., nil(R) = P(R).

4.3 J-Reduced Rings

In this section, we present the J-Reduced Rings and J-clean Rings that are related to The

Jacobson Radical.

Definition 4.3.1. The ring R s called J-reduced whenever nilpotent elements belong to

the Jacobson radical J(R).
Lemma 4.3.1. If R/J(R) is a reduced ring, then R is J — reduced.

proof:

[10] Assume that a™ = 0 for some n > 2. Then a” = 0 € R/J(R). Since R/J(R) is reduced,
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then @ = 0 and so a € J(R), as asserted. O

Clearly, every reduced ring is J — reduced but the converse does not hold in general as

the following example shows.

Example 4.3.1. [10] Let R = Z4. Since J(R) = 2R, R/J(R) = Zy and so R/J(R) is

reduced. By Lemma (4.3.1), R is J — reduced but it is not reduced.

Let J*(R) denote the subset {x € R : 3n € N such that 2™ € J(R)} of R. It is
obvious that J(R) C J*(R), but the following example shows that the reverse inclusion

does not hold.
Example 4.3.2. [10] Let R denote the matriz ring Ma(Zs). Then

0 0 01 0 0 11
; : ; = J(R) (4.1)
0 0 00 10 11

while J(R) = 0.
Proposition 4.3.1. Let R be a ring. If J(R) = J*(R), then R is J — reduced.

proof:
Assume that J(R) = J*(R) and o™ = 0 for some n > 2. Then a" € J(R) and so a €
J*(R) = J(R), therefore R is J — reduced. O

Definition 4.3.2. A ring R is J-clean if for any element a € R, there exists an idempotent

e € R such that a — e € J(R).

Corollary 4.3.1. [10] Every J — clean ring is J — reduced.
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proof:

Assume that R is J — clean and let a" = 0 for some n > 2. Then there exists an idempo-
tent e € R such that a —e = j € J(R). Since ¢ =0,1 —a=1—e—j € U(R) (where
U(R) is the set of all invertible elements), and so 1 — e € U(R). Hence e = 0. That is,

a=je€ J(R), as asserted. O

Definition 4.3.3. [21] We say that idempotents lift modulo I if every idempotent in
R/I can be lifted to R (i.e., for any idempotent a + I of R/I, there exists an idempotent e

of R such that a+ 1 =e+1).

Proposition 4.3.2. [10] Let R be a ring in which idempotents lift modulo J(R). If R is
J — reduced, then R/J(R) is abelian.

proof:

Assume that R is J —reduced and let € = € € R. Since idempotents lift modulo J(R), we
may assume that e> = e € R. If r € R, then (er — ere)’ = 0 and (re — ere)® = 0 and so
er—ere € J(R) and re—ere € J(R) by assumption. Thus er—re € J(R) and so er = T€, as

required. O

Theorem 4.3.1. 2] Let I be an ideal of a J — reduced ring R, and let S be a subring of
R containing I. If S/I is J — reduced, then so is S.

proof:

Given a” = 0 in S, then a € J(R) as R is J-reduced. For any s € S, we can find some
r € R such that r(1 — as) = 1. Furthermore, @ € J(S/I). Hence, we can find some t € S
such that 1 — (1 —as)t € I. This implies that r —r(1 —as)t € I, and so r —t € I. We infer

that r € S. Therefore 1 — as € S is left invertible. Likewise, 1 —as € S is right invertible.
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Hence, 1 — as is invertible , and then a € J(S). Therefore S is J — reduced. O

Corollary 4.3.2. Let I be an ideal of a J — reduced ring R, and let S be a J — reduced
subring of R. Then I + S is J — reduced.

proof:
Obviously, I C I+S C R. It is easy to check that (I4S5)/I is J—reduced. Therefore I+S is

J —reduced, by Theorem (4.3.1). O

Proposition 4.3.3. Let I be a nil ideal of a ring R. Then the following are equivalent.
(1) R is J — reduced.
(2) R/I is J — reduced.

proof:

(1) = (2): Write @ = 0, then a™ € I. As [ is nil, there exists some m € N such that
a™ = 0. Hence, a € J(R), and so a € J(R/I), as desired.

(2) = (1): Assume that a™ = 0 for some n € N. Then @" = 0 and so @ € J(R/I). For any
r € R, 1—ar is invertible in (R/I), we have some t € R such that 1—(1—ar)t € I. Since [ is
nil, we get (1—ar)t is invertible in R, and so 1—ar is invertible . This implies that a € J(R),

as desired. [

Proposition 4.3.4. A ring R is J — reduced if and only if eRe is J — reduced for all

idempotent elements e € R.

proof:
If (eae)” =0 in eRe, then (eae)” = 0 in R. Since R is J — reduced, then eae € J(R), and
so eae € eJ(R)e. That is, eae € J(eRe). Therefore eRe is J — reduced.
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The converse is trivial.
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