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Abstract

Let R be a commutative ring and M an R-module. The trivial ring extension of R by M is the ring
R x M with coordinate-wise addition and multiplication (r1,m1)(re,me) = (rire,r1me + remy).
This construction was introduced by Nagata in 1962 in order to facilitate interaction between rings
and their modules. The ring R x M is also called the idealization of M over R. The trivial ring
extension can be used to extend results about ideals to modules and to provide interesting examples
of commutative rings with zero divisors. The main discussed results deal with how properties of
R x M are related to those of R and M. For example, R x M is Noetherian if and only if R is
Noetherian and M is finitely generated, R x M is a Manis valuation ring if and only if R is a
valuation ring on Rg and M = Mg, and R x M is a Priifer ring if and only if for each finitely
generated ideal I of R with INS # (), I is invertible, and M = Mg, where S = R—(Z(R)UZr(M)).
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Introduction

Throughout, all rings considered in this thesis are commutative with unity. Let R be a ring
and M an R module. Then R x M = R & M with coordinate-wise addition and multiplication
(r1,mq)(ra, ma) = (r172, r1me +romy) is a commutative ring with identity called the idealization of
M or the trivial ring extension of R by M. The name comes from the fact that if N is a submodule
of M, then O NN is an ideal of Rx M. This construction was first introduced, in 1962, by Nagata [21]
in order to facilitate interaction between rings and their modules and also to give either examples
or counterexamples of commutative rings with zero divisors. Some general references are Gilmer
[13] and Kaplansky [17]. An excellent introduction to idealization and commutative rings with zero
divisors can be found in Huckaba’s book [14], and also D.D. Anderson and M. Winders survey
paper [6].

This MS. thesis consists of four chapters. In chapter one we review some basic definitions and facts
from ring and module theory that will be needed in the next chapters. Chapter two consists of two
sections: section 2.1 is devoted to study the structure of the elements and the ideals of the trivial
ring extension, namely, we will discuss the maximal, prime, radical, and primary ideals of R x M
as well as the units, idempotents, zero divisors, and nilpotents. Section 2.2 is devoted to study
the interaction between the trivial ring extension and some constructions such as localization and
taking the integral closure. Some of these constructions commutes with the trivial ring extension,
for example, (R x M)[z] is naturally isomorphic to R[z] x M [z].

Chapter three consists of three sections: section 3.1 is about the transfer of the notions Noetherian
and Artinian rings in trivial ring extension. Also we will use the idealization to construct a new
examples of Noetherian (Artinian) rings or non-Noetherian (non-Artinian rings). In Section 3.2
we investigate the transfer the notion of Priifer ring and some related concepts such as valuation,
chained, and arithmetical rings in trivial ring extension. Section 3.3 is devoted to study the atomic

rings and the ascending condition on principal ideals via trivial ring extension, and we use the



idealization to give some examples of rings with zero divisors with certain factorization properties.
Chapter four consists of two sections. Section 4.1 determines the structure theory for Boolean-like
rings using idealization. Section 4.2 is devoted to study clean and nil-clean rings via trivial ring
extension, and we use trivial ring extension to give a class of non-Boolean clean (nil-clean) rings,

also we will study weakly clean (weakly nil-clean) rings via trivial ring extension.



Chapter 1

Preliminaries

In this chapter we review some basic definitions and facts from ring and module theory that will

be needed in the next chapters.

Theorem 1.0.1 ([15]). (The correspondence Theorem). If I is an ideal in a ring R, then there is
a one-to-one correspondence between the set of all ideals J of R which contain I and the set of all
ideals of R/I, given by J — J/I. Hence every ideal of R/I is of the form J/I, where J is an ideal
of R which contains I.

Definition 1.0.2 ([7]). (Prime and maximal ideals). Let I be an ideal in a ring R with I # R.
1. I is called a prime ideal if for all a,b € R, ab € I impliesa € [ or b € I.
2. I is called a maximal ideal if there is no ideal J with I C J C R.

Definition 1.0.3 ([7]). (Jacobson radical). The Jacobson radical of J(R) of a ring R is defined to

be the intersection of all the maximal ideals of R.
Definition 1.0.4 ([7]). Let R be a ring.

1. If I is any ideal of R, the radical of I is
VI=1{acR|a" € I for somen € N}

If /I = I, then I is called a radical ideal.

2. The ideal v/O0 = {a € R | a® = 0 for some n € N} is called the nilradical of R and its denoted
by nil(R).



Definition 1.0.5 ([7]). (Primary ideals). An ideal I in a ring R is called a primary ideal of R if
I # R and if

abe[impliesaelorbex/f.

Example 1.0.6 ([7]). The primary ideals of Z are {0} and p"Z, where p is prime and n > 1.

Proposition 1.0.7 ([7]). Let I be a primary ideal in a ring R. Then /T is the smallest prime

ideal containing I.
Proof. See [7, Proposition 4.1]. O
Definition 1.0.8 ([7]). If I is a primary ideal of R and P = /T, then I is said to be P-primary.

Proposition 1.0.9 ([7]). The radical of an ideal I is the intersection of the prime ideals which

contain 1.
Proof. See [7, Proposition 1.14]. O

Definition 1.0.10 ([7]). (Modules). Let R be a ring. An R-module is a set M together with two

operations
+ M xM—M and -:RxM—M

(an ”addition” in M and a ”scalar multiplication” with elements of R) such that for all m,n € M

and a,b € R we have:
1. (M,+) is an Abelian group.
2. (a+b)-m=a-m+b-manda-(m+n)=a-m+a-n.
3. (ab) -m=a-(b-m).
4. 1-m=m.
An R-module M is also called a module over R.

Example 1.0.11 ([7]). 1. If Ris aring and I is an ideal of R, then I, R, and R/I are modules

over R.

2. If F is a field, then an F-module is the same as an F-vector space.



3. A Z-module is just the same as an Abelian group.
Definition 1.0.12 ([15]). (Submodules and quotients). Let R be a ring and M an R-module.

1. A submodule of M is a nonempty subset N C M satisfying m +n € N and am € N for all

m,n € N and a € R.
2. If N is a submodule of M, then the set
M/N ={z+ N |z e M}
of equivalence class modulo N is again an R-module called the quotient module of M modulo
N.
Definition 1.0.13 ([15]). Let M be an R-module.

1. For any subset S C M the set
RS ={aymi+---+aym, |n€Nja; € R,m; € S} C M
of all finite R-linear combinations of elements of S is the smallest submodule of M that

contains S. If S = {my,...,my} is finite, we write RS = Rmy + - - - + Rmy,.

2. The module M is called finitely generated if M = RS for a finite set S C M, and its called

cyclic if M = Rm for some m € M.

Definition 1.0.14 ([15]). (Primary submodules). Let R be a ring, M an R-module.

A proper submodule N of M is primary provided that
r€ R, m¢& N and rm € N implies 7" M C N for some n € N.

Theorem 1.0.15 ([15]). Let R be a ring and N a primary submodule of an R-module M. Then
(N:M)={reR|rM C N} is a primary ideal in R.

Definition 1.0.16 ([15]). Let P be a prime ideal in a ring R and M an R-module. A primary
submodule N of M is said to be a P-primary submodule of M if P = /(N : M) ={re R|r"M C

N for some n € N}.

Proof. See [15, Theorem 3.2]. O



Definition 1.0.17 ([7]). (R-module homomorphisms). Let M and N be R-modules.

1. An R-module homomorphism from M to N is a map ¢ : M — N such that

p(m+mn) =p(m)+en)  plam) = ap(m)

for all m,n € M and a € R.

2. An R-module homomorphism ¢ : M — N of R-modules is called an isomorphism if it is
bijective. In this case, the map ¢~ : N — M is a homomorphism of R-modules. We call M

and N isomorphic (written M = N) if there is an isomorphism between them.

Remark 1.0.18 ([7]). (Images and kernels of R-module homomorphisms). Let ¢ : M — N be a

homomorphism of R-modules.

1. The kernel of ¢ is the set
kerpo ={x € M | p(x) =0}

and is a submodule of M.

2. The image of ¢ is the set

and is a submodule of V.
Proposition 1.0.19 ([7]). (Isomorphism theorems).

1. For any homomorphism ¢ : M — N of R-modules, there is an isomorphism v : M/ker p —
Im(p) given by
¥(m + ker ) = p(m).

2. For R-submodules N’ C N C M we have

M/N' M

N/N' — N°

3. For two submodules N, N’ of an R-module M we have

(N+ N'")/N'"= N/(NnN).



Definition 1.0.20 ([15]). Let I be an ideal in a ring R and let M be an R-module. We set
IM = ({am |acI,me M}) ={aimi+ -+ apym, | n€N,a; € [,m; € M}.

Remark 1.0.21. If M is an R-module and [ is an ideal of R, then IM is a submodule of M, and
M/IM is an R/I-module with scalar multiplication (r + I)(m + IM) =rm + IM.
Definition 1.0.22 ([7]). (localization of rings). Let R be a ring.

1. A subset S C R is called multiplicatively closed if 1 € S, 0 ¢ S, and ab € S for all a,b € S.

2. Let S C R be a multiplicatively closed set. Then
(a,s) ~ (b,t) if and only if there is an element u € S such that u(at — bs) =0

is an equivalence relation on R x S. We denote the equivalence class of a pair (a,s) € R x S

by . The set of all equivalence classes
a
RS:{g|aER,s€S}

is called the localization of R at the multiplicatively closed set S.

Lemma 1.0.23. Let R be a ring and S C R a multiplicatively closed set. The the localization Rg
of R at S is a ring together with the addition and multiplication

LIS

+ b= attsb gpq ab — ab
for all a,b € R and s,t € S.

Remark 1.0.24. Let S be a multiplicatively closed subset of a ring R. There is a ring homomor-
phism ¢ : R — Rg, a — {. However, ¢ is only injective if S does not contain zero divisors, as by

definition ¢ = Y implies the existence of an element u € S with u(a-140-1) = ua = 0.
Example 1.0.25. (Standard examples of localization). Let R be a ring.

1. Let S = R — Z(R), where Z(R) = {a € R | ab= 0 for some 0 # b € R} is the set of all zero
divisors of R. The S is a multiplicatively closed. In this case the localization Rg of R at S is
called the total quotient ring of R, denoted by T'(R). Since S does not contain zero divisors,

the map ¢ : R — T(R), a — { is injective. Of particular importance is the case when R is

7



an integral domain. Then S = R — {0}, and every nonzero element % is a unit in Rg, with
inverse 2. Hence Rg is a field called the quotient field of R, denoted by Quot(R). So if R is
an integral domain, then T'(R) = Quot(R).

2. Let P be a prime ideal of R. Then S = R — P is multiplicatively closed since 1 ¢ P, 0 € P,
and for a,b ¢ P, we have ab ¢ P. The localization Rg of R is usually denoted by Rp and

called the localization of R at the prime ideal P.

Remark 1.0.26. 1. If R is a ring, then every element in the total quotient ring T(R) of R is

either a zero divisor or a unit.
2. If every element in a ring R is either a zero divisor or a unit, then R is a total quotient ring.

Proof. 1. By the last example, T(R) = {{ | a € R,b € R— Z(R)}. If § € T(R) is not a zero
divisor, then a is not a zero divisor of R, that is, a € R — Z(R). So 2 € T(R) and ¢ - 2 = 1.

a

This means that { is a unit of T'(R).

2. Let R be aring. If every element in R is either a zero divisor or a unit, then R—Z(R) = U(R).
So R =T(R) is a total quotient ring.
O

Example 1.0.27. (Some localizations of Z). Consider the ring of integers Z. The localization of
Z at Z — {0} is the quotient field Quot(Z) = Q. If p € Z is a prime number, then the localization
of Z at the prime ideal pZ is

Lz = {5 |a,beZptb}

Proposition 1.0.28 ([15]). (Ideals in localizations). Let S be a multiplicatively closed subset of
a ring R. Then

1. The proper ideals of the ring Rg are of the form IRg = Is = {% |a € I,s € S} with I is an
ideal of R and I NS = 0.

2. The prime ideals in Rg are of the form PRg = Pg where P is a prime ideal of R and PNS = ().
Definition 1.0.29 ([7]). (Local rings) A ring R is called local if it has exactly one maximal ideal.

Example 1.0.30 ([7, Example 1, page 38]). Let p be a prime ideal in a ring R. Then Rp is local
with maximal ideal m = PRp = {$ | a € P,s ¢ P}.



Definition 1.0.31 ([7]). (Saturations). For a multiplicatively closed subset S of a ring R we call
S ={s€R|ase S forsomeac R}

the saturation of S.

Remark 1.0.32. Let S, T be two multiplicatively closed subsets of a ring R.
1. SCS.
2. If SCT, then SCT.

Proof. 1.Ifs€ S, thens-1€ 5. SoseS.

2. If z € S, then 2y € S for some y € R. So xy € T for some y € R. This means that = € T.
O

Definition 1.0.33 ([7]). A multiplicatively closed subset S of a ring R is called saturated if S = S.

Example 1.0.34. Let P be a prime ideal of a ring R, then S = R — P is saturated. Indeed, if
s€ S, then sa € S=R— P for some a € R,s0 s ¢ P, and hence s€¢ R— P =S.

Remark 1.0.35 ([7]). Let S be a multiplicatively closed subset of R. Then S is saturated if and
only if S = R — | J;c; P; where {P;};cr is the set of prime ideals of R such that P; NS = () for each

i€ 1.

Proof. (=). Suppose that S is saturated. Let x ¢ S. Then Rx NS = (). By Zorn’s Lemma, we can
find a prime ideal P with Rz C P such that PNS = 0. So x € |J;c; P; where P; is a prime ideal
of R with P;NS =0 for each i € I. Hence R — S C | J;; P, or equivalently, R — |J,.; P; € S. For
the other inclusion, let x € Uz‘el P;. Then x € P; for some prime ideal P; of R with ;NS = (. So
r ¢S, orxeR—S. It follows that | J;c; Pi € R — S, or equivalently, S € R — ;¢ ;-

(«<). Let z € S, then 2y € S for some y € R. Since zy € S, then zy ¢ P; for each i. If z ¢ S, then
x € P; for some 4, but then xy € P; for some i, a contradiction. So, we have z € S, hence S = §

and S is saturated.

Definition 1.0.36 ([7]). (localization of modules). Let S be a multiplicatively closed subset of a
ring R, and let M be an R-module. Then

(m, s) ~ (n,t) if and only if there is an element u € S such that u(tm — sn) =0



is an equivalence relation on M x S. We denote the equivalence class of a pair (m,s) € M x S

by . The set of all equivalence classes
Mg={Z|meM,seS)}
S

is called the localization of M at S. It is an Rg-module together with the addition and scalar

multiplication

foralla € R, m,n€ M, and s,t € S.

In the case when S = R — P for a prime ideal P of R, we will write Mg as Mp.

Definition 1.0.37 ([18]). (Integrally closed). Let R be a subring of a ring 7" and let a € T'. If
there are elements by, ..., b,_1 € R such that by + bja + - - - + b,_1a" ' + a™ = 0, we say that a is
integral over R. If the elements of R are the only elements of T which are integral over R, we say
that R is integrally closed in T'. If R is integrally closed in its total quotient ring, we say simply

that R is integrally closed.

Proposition 1.0.38 ([18]). Let R be a subring of a ring 7" and let
R' = {a € T | ais integral over R}.

Then R’ is a subring of T"and R C R'.
Proof. See [18, Proposition 4.3]. O

In the notations of this proposition, R’ is called the integral closure of R in T.

10



Chapter 2

Properties of trivial ring extension

Let R be a ring and M an R-module. The trivial ring extension of R by M is the ring R x M =
{(r,m) | r € Randm € M} where addition is given by (r,m) + (s,n) = (r + s,m + n) and

multiplication is given by (r,m)(s,n) = (rs,rn + sm).
Remark 2.0.1 ([6]). Let R be a commutative ring with unity 1 and M an R-module.
1. R x M is a commutative ring with unity (1,0).
2. R naturally embeds into R x M via r +— (r,0).
3. If N is a submodule of M, then 0 x N is an ideal of R x M.
4. 0 x M is an ideal of R x M with (0 x M)? = 0.
5. M and 0 x M are isomorphic as R-modules.

Proof. 1. Let (a,m), (b,n) € Rx M. Then
(a,m)(b,n) = (ab,an + bm) = (ba, bm + an) = (b,n)(a,m).

So R x M is commutative. (1,0) is the unity of R x M because (r,m)(1,0) = (r1,70+1m) =
(r,m) for all (r,m) € R x M.

2. Since for each a,b € R, we have (a + b,0) = (a,0) 4 (b,0), (ab,0) = (a,0)(b,0), and (a,0) =

(0,0) < a =0, then the map R — R x M (r — (r,0)) is an injective ring homomorphism.

11



3. Assume that N is a submodule of M. If ny,ny € N, then ny +ny € N. So (0,n1) + (0,n2) =
(0,n1 +n2) € 0 x N. Next, if (r,m) € R x M and (0,n) € 0 x N, we have rn € N. So
(r,m)(0,n) = (0,7n) € 0 x N. Hence 0 x N is an ideal of R.

4. By (2), 0 x M is an ideal of R x M. Now, if my,mg € M, then (0,mq)(0,m2) = (0,0). So
(0 x M)? =0.

5. Since by (2), the map R — Rx M (r — (r,0)) is a ring homomorphism and 0x M is an Rx M-
module, then 0x M is an R-module with scalar multiplication r(0,m) = (r,0)(0, m) = (0,rm).
Now define f : M — 0 x M by f(m) = (0,m). Then clearly, f is bijection. Let my, ms € M.
Since (0, m1+m2) = (0,m1)+(0, m2), then f(mi+ma) = f(m1)+ f(mz). Next, let r € R and
m € M, then f(rm) = (0,rm) = (r,0)(0,m) = rf(m). Thus, f is an R-module isomorphism.

O

2.1 Ideals and distinguished elements of R x M

This section is devoted to study the structure of the elements and the ideals of the trivial ring
extension. Namely, we will see the maximal, prime, radical, and primary ideals of Rx M. Regarding
the elements, we will discuss the units, idempotents, zero divisors, and nilpotents of R x M.

The following result describes a special kind of ideals of R x M, those ideals that could be

constructed from an ideal of R and a submodule of M.

Theorem 2.1.1 ([6]). Let R be a ring, I an ideal of R, M an R-module and N a submodule of
M. Then:

1. I x N is an ideal of R x M if and only if IM C N.

2. If I x N is an ideal of R x M, then % is an %-module and 1}5% = % X

2Jz

Proof. (1) and (2). Suppose that I x N is an ideal of R x M. Then
IXN=(RxM)IXxN)=RIX(RN+IM)=1x (N+1IM).

So N =N + IM and hence IM C N. Conversely, suppose that IM C N. We know that % is an

L-module with scalar multiplication (r +I)(m +IM) = rm+IM. So & = %//ﬁ‘g is an £-module

12



with scalar multiplication (r + I)(m + N) = rm + N. Next, define

. M >£ d
p: Rx IKN

by ¢((r,m)) = (r + I,m + N), then we know that ¢ is a surjective group homomorphism with
ker o = I x N. Now, let (r1,m1), (r2,ma) € R x M. Then

o((r1,m1)(re,m2)) = @(rira, r1ma + romy)
= (rira+ I,r1ma 4+ romq + N)
= ((ri+D(ro+1),(r1 +I)(ma + N) + (ro + I)(my + N))
= (rm+1I,mi+ N)(ro+1I,ma+ N)

= ((r1,m1))e((r2, m2)).

So ¢ is a ring homomorphism. Hence I x N = ker ¢ is an ideal of R x M. The First Isomorphism

Theorem gives that

12

o=

~| =
X | %
SIS
~| 5

The following is an illustrative example for Theorem 2.1.1

Example 2.1.2. Let R =7, M = 7Z/12Z, and N = 6Z/12Z. If I = 6Z, then IM = (6Z)(Z/127Z) =
6Z/127Z = N and so by Theorem 2.1.1, I x N is an ideal of R x M. But if I = 47, then
IM = (4Z)(Z)12Z) = AZ /127 ¢ 6Z/12Z = N (as 4Z ¢ 6Z ). Hence by Theorem 2.1.1, I x N is
not an ideal of R x M.

Remark 2.1.3. Theorem 2.1.1 does not describe all the ideals of Rix M in general. In the following
example we provide a ring R, an R-module M, and an ideal of R x M which is not in the form

I x N.

Example 2.1.4 ([6]). Let R = Z4, M = Zs, and J = (Rx M)(2,1) = {(0,0),(2,1)}. Then J is an
ideal of R x M such that J does not have the form I x N. For if J = (Rx M)(2,1) = I x N, then

2¢c ] and 1€ N. But since I x N has two elements, then either I = 0 or N = 0, a contradiction.

The following is a straightforward corollary of Theorem 2.1.1. It takes its importance from the

fact that 0 x M = M as R-modules.

13



Corollary 2.1.5 ([6]). Let R be a ring, I an ideal of R, and M an R-module. Then

3. The ideals of R x M containing 0 x M are of the form J x M for some ideal J of R.
Proof. 1. This follows by Theorem 2.1.1 (2) with N = M.
2. This follows by Theorem 2.1.1 (2) with / =0 and N = M.

3. This follows by part (2) and the Correspondence Theorem.
O

For a ring R, let Spec(R) denote the set of all prime ideals of R and Max(R) denote the set of
all maximal ideals of R.

The next result characterizes the prime, maximal, and radical ideals of R x M.
Theorem 2.1.6 ([14]). Let R be a ring and M an R-module. Then

1. The prime ideals of R x M have the form P x M where P is a prime ideal of R. That is,
Spec(Rx M) ={P x M | P € Spec(R)}.

2. The maximal ideals of R x M have the form m x M where m is a mazximal ideal of R. That

is, Maxr(Rx M) ={m x M | m € Max(R)}.
3. The radical ideals of R x M have the form I x M where I is a radical ideal of R.

Proof. 1. Let A be a prime ideal of R x M. Then, (0 x M)? =0 C A implies 0 x M C A. So

by Corollary 2.1.5 (2), A = Jx M for some ideal J of R. Since 1}5% = %, then we have

A =J x M is a prime ideal of R x M if and only if J is a prime ideal of R.

2. The proof of this part is similar to the proof of part (1) using the fact that every maximal is

prime.

3. Let A be a radical ideal of R x M. Then

A=VA=n{Q|Q e Spec(R x M), AC Q}.

14



By part (1), 0 x M C A and hence by Corollary 2.1.5 (2), A= J x M for some ideal J of

R. Since ?E% =~ %, then we have A = J x M is a radical ideal of R x M if and only if J is

a radical ideal of R.

All the following facts are consequences of Theorem 2.1.6.
Corollary 2.1.7 ([6]). Let R be a ring and M an R-module. Then

1. Rx M is local if and only if R is local.

2. The Jacobson radical of R x M is J(Rx M) = J(R) x M.

3. If J is an ideal of Rx M, then /J = /T x M where I = {r € R | (r,b) € .J for someb € M}
is an ideal of R. In particular, If I is an ideal of R and N is a submodule of M, then
VIx N =VIx M.

Proof. 1. By Theorem 2.1.6 (2), the map Max(R) — Maxz(R x M) (m +— m x M) is bijection.
So, R x M is local if and only if [Maxz(R x M)| =1 if and only if |[Maz(R)| =1 if and only
if R is local.

2. By Theorem 2.1.6 (2), Max(Rx M)={m x M | m € Max(R)}. So

JRxM)= (] (mxM)=( () m)xM=JR)xM.
meMax(R) meMax(R)

3. Suppose that J is an ideal of Rx M. Then v/J is a radical ideal of Rx M. So by Theorem 2.1.6
(3), V/J = K x M for some radical ideal K of R. Let I = {r € R | (r,b) € .J for some b € M}.
Consider the surjective ring homomorphism ¢ : Rx M — R, ¢((r,m)) = r. Then by definition
of I, I = p(J). Since J is an ideal of R x M, I is an ideal of R. We claim that K = /I.
Now, let z € K, then (x,0) € K x M =+/J, so (z",0) = (,0)" € J for some n € N, hence
z" € I for some n € N and this means € v/I. Conversely, let 2 € /I, then 2™ € I for
some n € N, so (2",b) € J for some b € M. Since J C v/J, then (z",b) € V/J = K x M. So
z" € K and hence z € VK, but since K is radical, VK = K. So z € K. Thus, z € K if and
only if z € \ﬁ, this means K = /1. Therefore, VJI=VIx M.

In particular, if J = I x N where [ is an ideal of R and N is a submodule of M. Then by

15



the first paragraph of this part, we have

VI =e(J)x M =/o(Ix N)x M=+Tx M.

O]

Recall that the Krull dimension of a ring R, denoted by dim R is the supremum length n of a
chain Py C P, C --- C P, of prime ideals of R, and if there is no upper bound on the length of
such a chain, then dim R = co. Hence by Theorem 2.1.6 (1), dim R x M = dim R.

The following result characterizes the primary ideals of R x M.

Theorem 2.1.8 ([14]). Let R be a ring, I an ideal of R, M an R-module, and N a submodule of
M. Then I x N is primary if and only if either

1. N=M and I is a primary ideal of R or
2. NGCM,IMCN, and I and N are P-primary where P = V.

In either case, I x N is \/I x M-primary.

Proof. If N = M, then since ?;% = % we have I X M is primary if and only if I is primary.
So assume that N & M. For I x N to be an ideal of R x M, we must have IM C N. Now we
prove that I x N is a primary ideal of R x M if and only if I is a P-primary ideal of R and N is a
P-primary submodule of M where P = /I. First, suppose that I x N is a primary ideal of R x M.
Let a,b € R and assume that ab € I. Then (a,0)(b,0) = (ab,0) € I x N. So either (a,0) € I x N
or (b,0) € VIXN =+Ix M. Hence a € I or b € /I = P. So I is a P-primary ideal of R.
Next, let r € R and m € M and assume that m € N. Then (r,0)(0,m) = (0,7m) € I x N. So
either (0,m) € I x N or (r,0) € JIx N =+/I x M. Hence m € N or r € v/I. Since IM C N,
I C(N:M),sor€IC/(N:M). Hence N is a primary submodule of M. We claim that
VI = \/m First, take m € M — N. Now, let r € /(N : M), so r"M C N, but then
r"m € N. So r" € VI and hence r € I. Tt follows that N is a P-primary submodule of M.
Conversely, suppose that I is a P-primary ideal of R and N is a P-primary submodule of M where
P = +/I. Let (a,m),(b,n) € Rx M and assume that (a,m)(b,n) € I x N. Then ab € I and
an +bm € N. Now since I is a P-primary ideal of R, then either a € I or b € /I. Case 1: If
a€I. Then an € IM C N. So bm = (an + bm) —an € N. Since N is a P-primary submodule of
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M, then either m € N or b€ P = /1. So (a,m) € I x N or (b,n) € VI x M = /I x N. Case
2: If b € V/I. Then (b,n) € VI x M =+/I x N. Hence in either case, I x N is a primary ideal of
R x M. The last statement follows since /T x N = /T x M. O

The following is an illustrative example for Theorem 2.1.8.

Example 2.1.9. Let p be a prime number. Then for all n € N, p"Z is a pZ-primary ideal of Z
and (pZ)[x] is a pZ-primary submodule of Z[z]. So by Theorem 2.1.8, p"Z x (pZ)[z] is a primary
ideal of Z x Z[z] for all n € N.

Let R be a ring and M an R-module. Notice that for a € R and m € M, we have always that
(Rx M)(a,m) C Ra x (Rm + aM), but the reverse inclusion is not always true. For example, if
R =74 and M = Zy, then R2 x (R1 +2M) = R2x Rl = R2x M # (R x M)(2,1) (see Example
2.1.4). In the next theorem we provide some equivalent conditions that makes the reverse inclusion

true.

Theorem 2.1.10 ([6]). Let R be a ring, M an R-module, and (R x M)(a,m) a principal ideal of

R x M. Then the following conditions are equivalent:
1. (Rx M)(a,m) = Ra x (Rm + aM).
2. (a,0) € (Rx M)(a,m).
3. There is x € R such that xa = a and xm € aM.

Proof. (1) = (2). Assume that (R x M)(a,m) = Ra x (Rm + aM). Then since (a,0) € Ra X
(Rm + aM), we have (a,0) € (R x M)(a,m).

(2) = (3). Assume that (a,0) € (R x M)(a,m). Then (a,0) = (x,n)(a,m) for some (x,n) €
R x M. Now (a,0) = (z,n)(a,m) if and only if a = za and 0 = xm + an if and only if za = a and

xm = a(—n) € aM. Hence, there is x € R such that xa = a and xm € all.

(3) = (1). Suppose that there is € R such that xza = a and zm € aM. So xm = am’ for some
m' € M. Let r,s € R and n € M. Then
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(ra,sm +an) = (rza, sm + zan)
= (rza,zan) + (0, sm)
= (r,n)(za,0) + (s,0)(0,m)
= (r,n)(za,zm — am’) + (5,0)[(a,m) — (a,0)]
= (r,n)(z, —m)(a,m) + (s,0)(a,m) — (s,0)(z, —m')(a, m)
€ (Rx M)(a,m).

Hence Ra x (Rm + aM) C (R x M)(a,m). Since the other inclusion is always true, we have

(Rx M)(a,m) = Ra x (Rm+ alM). O
The following are illustrative examples for Theorem 2.1.10.

Example 2.1.11. 1. Let R = Z x Z. Consider (2,2) € R. Then (2,0) = (1,-1)(2,2) € R(2,2).
So by Theorem 2.1.10, R(2,2) = 27 x (2Z + 2Z) = 27 x 2Z.

2. Let R = Z x 2Z. Consider (2,2) € R. Then (2,0) ¢ R(2,2). For if (2,0) € R(2,2), then
(2,0) = (a,2b)(2,2) = (2a,2a + 4b) for some a,b € Z. But then a = 1 and b = —1/2 and so
b ¢ Z, a contradiction (since b € Z). Hence by Theorem 2.1.10, R(2,2) # 2Z x (2Z + 47Z) =
27 x 27.

Recall that a module M over a ring R is called divisible if rM = M for all r € R — Z(R), where
Z(R) is the set of all zero divisors of R.

Corollary 2.1.12. Let R be an integral domain and M an R-module. Then (R x M)(a,m) =
Ra x (Rm + aM) for all a € R and m € M if and only if M is divisible.

Proof. (=). Let 0 # a € R and m € M. Then by hypothesis, (R x M)(a,m) = Ra x (Rm + aM).
So by Theorem 2.1.10, there is an element x € R such that xa = a and xm € aM. But since R is
an integral domain and a # 0, then z = 1. So m = 1m = 2m € aM. Hence M = aM. Therefore,
M is divisible.

(«<). Let a € Rand m € M. If a = 0, then (a,0) = (0,0) € (Rx M)(a,m). So by Theorem 2.1.10,
(Rx M)(a,m) = Ra x (Rm+ aM). If a # 0, then M is divisible gives that M = aM. So 1 € R
satisfies la = @ and 1m € aM. Hence by Theorem 2.1.8, (R x M)(a,m) = Ra x (Rm+aM). O

18



Definition 2.1.13. Let R be a ring, and let I, J be two ideals of R. We say that [ and J are

comparable if either I C J or J C I.

The following theorem determines all the ideals of R x M when R is an integral domain and M

is a divisible R-module.

Theorem 2.1.14 ([6]). Let R be an integral domain and M an R-module. Then the following

conditions are equivalent:
1. Every ideal of R x M is comparable to 0 x M.

2. Every ideal of R x M has the form I x M or 0 x N for some ideal I of R or submodule N
of M.

3. M s divisible.

Proof. (1) = (2). Let J be an ideal of R x M, then either J D0x M or J C0Ox M. If J D 0x M,
then by Corollary 2.1.4 (2), J = I x M for some ideal I of R. If J C 0 x M, then the pre-image of
J, say N, under the R-module homomorphism M — 0 x M (m +— (0,m)), is a submodule of M
such that J =0 x N.

(2) = (3). Let 0 # a € R. Then (RxM)(a,0) is an ideal of Rix M such that (RxM)(a,0) # Ox N
for any submodule N of M (since a # 0). By (2), (R x M)(a,0) = I x M for some ideal I of R.
But (Rx M)(a,0) = Rax (RO+aM) = Rax aM ( by Theorem 2.1.10). Hence M = aM and thus
M is divisible.

(3) = (1). Assume that M is divisible and let J be an ideal of R x M. We show that either
JD0xMorJ C 0x M. Suppose that J ¢ 0 x M, then there exists (a,b) € J such that
(a,b) ¢ 0x M. So a#0in R. Let m € M. Since M is divisible, then m = am’ for some m' € M.
So (0,m) = (a,b)(0,m') € J. Thus J 2 0 x M. O

The following are illustrative examples for Theorem 2.1.14.

Example 2.1.15. 1. R[z] is a divisible Z-module since if f(x) € R[z], then f(x) = aa~'f(z) €
aR[z] for all 0 # a € Z. So by Theorem 2.1.14, the ideals of Z x R[z]| are {nZ x R[z] | n €
Z}U{0x N | N is a submodule of R[x]}.

2. Zx] is not a divisible Z-module since 27Z[x] # Z[x]. So Z x Z[z] contains an ideal J such
that J # I x Z[x] and J # 0 x N for any ideal I of Z and submodule N of Z[z]. In fact,
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J = (ZxZ[x])(2,0) = 2Z x 27Z|x] is an ideal of Z x Z|x] such that J # I x Z[z] and J # 0x N
for any ideal I of Z and submodule N of Z[z] (since 2 # 0 and 2Z[z] # Z[z]).

For an R-module M, let Zr(M) = {r € R | rm = 0 for some 0 # m € M} denote the set of all
zero divisors of M with respect to R.

Let A be R x M-module. Since the map R — Rx M (r — (r,0)) is a ring homomorphism, then
A is an R-module with scalar multiplication ra = (r,0)a.

The following theorem determines the relation between Zg(A) and Zgxn(A) where A is an

R x M-module.

Theorem 2.1.16 ([6]). Let R be a ring, M an R-module, and A an R x M-module. Then
ZRKM(A) = ZR(A) x M.

Proof. Let A be an R x M-module. Then A is an R-module with ra = (r,0)a. Let (r,m) €
Zrwm(A). Since Zrupr(A) is a union of prime ideals of R x M, (r,m) € P x M C Zpum(A)
for some prime ideal P of R. So (r,0) = (r,m) — (0,m) € P x M C Zgpuxn(A). Hence there
exists 0 # a € A such that (r,0)a = 0. But then ra = (r,0)a = 0. So r € Zgr(A). Thus,
(rym) € Zr(A) x M. Conversely, let (r,m) € Zgr(A) x M, then r € Zr(A). So there exists
0 # a € A such that 0 = ra = (r,0)a. This implies (r,0) € Zrxnm(A). Hence, as before,
(r,m) € Zrup(A). Therefore, Zrun(A) = Zr(A) x M. O

The following corollary determines the zero divisors and the regular elements (non-zero divisors)

of R x M.
Corollary 2.1.17 ([14]). Let R be a ring and M an R-module. Then
1. Z(Rx M) =(Z(R)U Zr(M)) x M.
2. S x M where S =R — (Z(R)U Zr(M)) is the set of reqular elements of R x M.

Proof. 1. From Theorem 2.1.16 with A = R x M, we have

Z(Rx M) = Zpun(Rx M) = Zr(Rwx M) x M = Zr(R® M) x M = (Z(R)U Zr(M)) x M.

2. The set of regular elements of R x M is Rx M — Z(R x M). Now

Rx M —Z(Rx M)=Rwx M —[(Z(R)U Zr(M)) x M] = [R — (Z(R) U Zr(M))] x M.
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So the set of regular elements of R x M is S x M where S = R — (Z(R) U Zr(M)).

The following are illustrative examples for Corollary 2.1.17.

Example 2.1.18. 1. Let R =7 x Q/Z. By Corollary 2.1.17, the set of zero-divisors of R is
Z(R) = (2(2) L 22(Q/Z)) x Q/Z = ({0} U (Z — {1,-1})) x Q/Z = (Z — {1, -1}) x Q/Z.

2. Let R be a ring and P a prime ideal of R. Let A = Rx R/P. If v € Zr(R/P), then
x(y + P) = P for some P # y+ P € R/P. But then zy + P = P for some y ¢ P, so zy € P
for some y ¢ P. Thus, x € P. Conversely, if z € P, then x(1+ P) = x + P = P. This implies
that z € Zr(R/P). It follows that Zr(R/P) = P. By Corollary 2.1.17 (1),

Z(A) = (Z(R)U Zr(R/P)) x R/P = (Z(R) U P) x R/P.

For a ring R, let nil(R) denote the set of all nilpotents of R, U(R) denote the set of all units of
R, and Id(R) denote the set of all idempotents of R. .

The following theorem determines the nilpotents, units, and idempotents of R x M.
Theorem 2.1.19 ([14]). Let R be a ring and M an R-module. Then

1. nil(Rx M) =nil(R) x M.

2. URXx M)=U(R) x M.

3. Id(R x M) = Id(R) x 0.

Proof. 1. By Corollary 2.1.7 (3), v/Ox 0 = v/0 x M. So
nil(R x M) =0 x 0 =0 x M = nil(R) x M.

2. Let (u,m) € U(R x M), then there exists (v,n) € R x M such that (u,m)(v,n) = (1,0). So
wv = 1. This means that v € U(R). Hence (u,m) € U(R) x M. Conversely, let (u,m) €
U(R)x M, then u € U(R). So there exists u™! € R such that uu=! = 1. But then the element
(u=t, —u=2m) belongs to Rx M, and (u,m)(u~!, —u=2m) = (uu™t, —u~tm+u=tm) = (1,0).

Hence (u,m) € U(R x M).
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3. Let (e,m) € Id(R x M). Then (e,m) is an idempotent. This means that (e, m)? = (e, m).

2

So (e,m) = (e,m)? = (e2,2em), which implies e? = e and m = 2em. So e is an idempotent

of R, or e € Id(R). Now, since m = 2em, then em = 2e¢?m, so em = 2em, hence em = 0, but
then m = 2em = 0. Thus, (e,m) = (e,0) € Id(R) x 0. Conversely, let e € Id(R), then e is
an idempotent of R. So e? = e. Hence, (e,0)? = (¢2,0) = (e,0). This shows that (e, 0) is an
idempotent of R. That is, (e,0) € Id(R x M).

0

Recall that a ring R is called reduced (respectively Boolean) if nil(R) = 0 (respectively Id(R) =
R).

Corollary 2.1.20. Let R be a ring and M an R-module.
1. Rx M is an integral domain if and only if R is an integral domain and M = 0.
2. Rx M is a reduced ring if and only if R is a reduced ring and M = 0.
3. Rx M is a field if and only if R is a field and M = 0.
4. Rx M 1is a Boolean ring if and only if R is a Boolean ring and M = 0.

Recall that an ideal I of a ring R is called regular if it contains a regular element (non-zero

divisor) of R.

Theorem 2.1.21 ([6]). Let R be a ring, M an R-module, and S = R — (Z(R) U Zgr(M)). Then

the following conditions are equivalent:
1. Every reqular ideal of R x M has the form I x M where I is an ideal of R with INS # (.
2. sM =M forall s € S or equivalently, M = Mg.

Proof. (1) = (2). Let s € S. Then (R x M)(s,0) is a regular ideal of R x M. So by (1),
(Rx M)(s,0) = I x M where I is an ideal of R with NS # (). By Theorem 2.1.10, (Rx M)(s,0) =
Rsx sM. Hence sM = M.

(2) = (1). Let J be a regular ideal of Rx M. Then JN(Sx M) # (). So (s,m) € J for some s € S
and m € M. Since sM = M, then m € sM. So if we take x =1 € R, then s = s and zm € sM.
Hence by Theorem 2.1.10, (R x M)(s,m) = Rs x (Rm + sM) = Rs x (Rm+ M) = Rs x M. So
0x M C (Rx M)(s,m) CJ. Thus, J =TI x M for some ideal I of R. Since (s,m) € J=1x M,
we have s € I and this means I NS # (). O
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The following example determines the regular ideals of the ring Z x Rz].

Example 2.1.22. Let R =Z and M = R[z]. Then S = R—(Z(R)UZr(M)) = R—{0} = Z—{0}.
Since M is a divisible R-module, then sM = M for all s € S. So by Theorem 2.1.21, every regular
ideal of R x M has the form I x M where I is an ideal of R with I NS # (). Hence, the regular
ideals of Z x R[x] are Z x R[x] where 0 # n € Z.
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2.2 Some ring constructions of R x M

In this section we determine the saturated multiplicatively closed subsets of Rx M, the localizations
of R x M, the integral closure of R x M in T(R x M), and the ring of polynomials of one variable
over R x M.

The following theorem determines the saturated multiplicatively closed subsets of R x M.
Theorem 2.2.1 ([6]). Let R be a ring and M an R-module.

1. There is a one-to-one correspondence between the saturated multiplicatively closed subsets of

R and those of R x M given by S <+ S x M.

2. If S is a multiplicatively closed subset of R and N is a submodule of M, then S x N is a
multiplicatively closed subset of R x M with saturation S x N = S x M.

Proof. 1. Let A be a saturated multiplicatively closed subset of R x M. Then

A=Rx M- J(Pix M)=R~-JP)x M
iel i€l
where {P; X M };cr is the set of prime ideals of R x M such that (P; x M) N A = () for each
i€l Let S=R—;e; P Then NS = 0 for each i € I. So S is saturated . Thus,
A = S x M where S is saturated. Conversely, let S be a saturated multiplicatively closed
subset of R, then S x M is a multiplicatively closed subset of R x M and S = R —J,c; P
where {P,};cs is the set of prime ideals of R such that P, NS = () for each ¢ € I. But then

SxM=(R-|JP)xM=RxM-|JPx M)
el el

and (P, x M)N(Sx M)=(P,NS)x M =0 for each i € I. So S x M is saturated.

2. Let S be a multiplicatively closed subset of R, and let N be a submodule of M. Then 0 ¢ S,
1 €S, and S is closed under multiplication. But then (0,0) ¢ S x N, (1,0) € S x N, and
for (a,m),(b,n) € S x N, we have (a,m)(b,n) = (aban +bm) € S x N. So S x N is a
multiplicatively closed subset of R x M. Next, S x N is a saturated multiplicatively closed
subset of Rx M, so by (1), S x N =T x M for some saturated multiplicatively closed subset
T of R. Since T is saturated, T = T. Now SXx N C Sx N =T x M. So S C T and
this implies S € T = T. Hence Sx M C T x M = Sx N. Since S x M is saturated
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multiplicatively closed subset of Rix M, then S x M = Sx M. So Sx N C S x M =8x M.
Thus S x N =S x M.

The following theorem determines the localizations of R x M.
Theorem 2.2.2 ([14]). Let R be a ring and M an R-module.

1. Let S be a multiplicatively closed subset of R and N a submodule of M. Then (R X M)sxn

is naturally isomorphic to Rg x Mg. In the case where N = 0, the isomorphism is simply
(r,m)/(s,0) = (r/s,m/s).
2. Let P be a prime ideal of R. Then (R x M)pyy = Rp X Mp.
3. The total quotient ring T (R x M) of R x M is naturally isomorphic to Rg x Mg where
S=R—-(Z(R)UZr(M)).
Proof. 1. Let S be a multiplicatively closed subset of R and N a submodule of M. Then S x N
is a multiplicatively closed subset of R x M. For N, either N =0 or N # 0.

Case 1: N = 0. Define f : (R x M)gwo — Rs x Mg by f((r,m)/(s,0)) = (r/s,m/s). If
x = (ri,m1)/(s1,0),y = (r2,mz)/(s2,0) € (R x M)sxo. Then z+y = (risa + sira, soma +

s1m2)/(s182,0) and zy = (rire,rima + remy)/(s152,0). Now

1852 +-817Q 527n1-+>817n2

fle+y)=( )

5152 ’ 5182
! r2 my m2
=(—+—=,—+—)

S1 S22 S1 52

rom1 T2 M2
- (T4 (2,1

S1 S1 S9 S92

= f(z) + f(y)-

Also
rire T1M2 + remy
flzy) = (—,
5152 5152

T2 T1 M2 i T2 1My

S1 82’ S1 S2 S9 S1
e myp, T2 M2
= (=)= )

S1 81 S2 82

= f(x)f(y)-
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So f is a ring homomorphism. Next, let * = (r,m)/(s,0) € ker f. Then (0/1,0/1) =
f(z) = (r/s,m/s). So there is u,v € S such that ur = 0 and vm = 0. But then uv €
S and (uv,0)(r,m) = (vur,uvm) = (0,0). So z = 0. Hence f is injective. Finally, if
y = (r/s,m/t) € Rsg x Mg, then y = (rt/st,sm/st) = f((st,sm)/(st,0)) = f(x) where

x = (st,sm)/(st,0) € (R x M)sxo. So f is surjective. It follows that f is an isomorphism.

Case 2: N # 0. Since for (r,m)/(s,n) € (R x M)gwn, we have

(r,m)  (s,—n)(r,m) _ (sr,sm —rn)
(s,n) (s,—n)(s,n) (s2,0)

Then f : (R x M)sxny — Rg x Mg given by f((r,m)/(s,n)) = (r/s,(sm —rn)/s?) is an

isomorphism.
2. This follows immediately from (1) with S = R — P and N = M.

3. Let S = R— (Z(R)U Zg(M)). Then by Corollary 2.1.17 (2), S x M is the set of regular
elements of R x M. So the total quotient ring of R x M is T(R x M) = (R x M)gxnm. By
(1), T(R X M) = RS X Ms.

For an integral domain R, let Quot(R) denote the quotient field of R.
Example 2.2.3. Let R =7 X Z, and let p be a prime number. Then
1. By Theorem 2.2.2 (2), the localization of R at P = pZ x Z is Rp = Zypz, X ZLyy.

2. By Theorem 2.2.2 (3), the total quotient ring of R is T(R) & Zg x Zg where S = Z — (Z(Z) U
Z(Z)) =7 —{0}. So Zs = Quot(Z) = Q. Hence T(R) = Q x Q.

Next, we determine the integral closure of R x M, but first we need the following lemma.

Lemma 2.2.4. Let R be a ring, M an R-module, and r € T(R). Then r is integral over R if and

only if (r,0) is integral over R x M.

Proof. Suppose that r is integral over R. Then there is ag, ..., an,—1 € R such that 7" +a,_17" "1 4--
+ag = 0. But then (7,0)"+ (an_1,0)(r,0)" 1 +---+(ag,0) = (0,0). So (r,0) is integral over Rx M.
Conversely, suppose that (r,0) is integral over R x M, then there is (ag,mg), ..., (ap—1,mp—1) €

R x M such that (r,0)" 4 (an—1,mp-1)(r,0)" " + -+ (ag,mg) = (0,0). So (r" + ap_1r" "' + - -
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“+ag,0+7r""tmy,_1 4+ -+ mg) = (0,0). Hence 7" + a,_17""' +--- 4+ ag = 0. It follows that r is

integral over R. O

The following theorem determines the integral closure of R x M in T'(R x M).

Theorem 2.2.5 ([14]). Let R be a ring, M an R-module, and S = R — (Z(R)U Zr(M)). If R is
the integral closure of R in T(R), then (R'NRg)x Mg is the integral closure of Rx M in T(Rx M).

Proof. First, note that Rx M C (R'NRg)x Mg C Rgx Mg =T(Rx M) (since RC R', R C Rg,
and M C Mg). Now, let (r,b) € (R' N Rg) x Mg, then r € R"N Rg and b € Mg. So r is integral
over R. By the last lemma, (7,0) is integral over R x M. Since (0,b)2 = (0,0), (0,b) is integral
over R x M. So (r,b) = (r,0) 4+ (0,b) is integral over R x M. This means (r,b) € (R x M)’
Thus, (R’ N Rg) x Mg C (R x M)'. Conversely, let (r,b) € (R x M)'". Since (0,b) € (R x M),
then (r,0) = (r,b) — (0,b) € (Rx M). Sor € R. Hence (r,b) € (RN Rg) x Mg. Thus
(Rx M) C(R'NRg) x Mg. O

Corollary 2.2.6 ([14]). Let R be a ring, M an R-module, and S = R — (Z(R) U Zr(M)).

1. If R is integrally closed, then R x Mg is the integral closure of R x M in T(R x M).
2. If Zr(M) C Z(R), then R x Mg is integrally closed if and only if R is integrally closed.

Proof. 1. Suppose that R is integrally closed, then R = R’ and so RN Rg = RN Rs = R. Hence
by Theorem 2.2.5, the integral closure of R ix M in T(R x M) is (R' N Rg) X Mg = R x Mg.

2. Suppose that R x Mg is integrally closed. Now since Zr(M) C Z(R), then S = R— Z(R), so
Rs =T(R), hence T(Rx Mg) = T(R)x Mg. To show that R is integrally closed, let r € T'(R)
be integral over R. Then (r,0) € T(R) x Mg = T(R x Mg) is integral over R x Mg. But
R x Mg is integrally closed gives that (r,0) € Rx Mg. So r € R. Hence R is integrally closed.
Conversely, suppose that R is integrally closed, then by (1), we have (R x Mg)' = R x Mg.
So R x Mg is integrally closed.

[

Example 2.2.7. Let R = Z and M = Z2. Then R is integrally closed in T(R) = Q. So by
Corollary 2.2.6 (1), the integral closure of R x M is R x Mg = Z x Q2. Also by Corollary 2.2.6 (2),
R x Mg =7 x Q? is integrally closed since Zr(M) =0 C Z(R).

Proposition 2.2.8 ([6]). Let R be a ring, M an R-module, and S = R — (Z(R) U Zr(M)). If
R x M is integrally closed, then M = Mg.
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Proof. Suppose that R x M is integrally closed. Let m € M and s € S. Then (0,m/s) =
(0,m)/(s,0) € T(Rx M). Now, (0,m/s)? = (0,m)?/(s,0)? = (0,0). This implies that (0,m/s) is
a root of f(z) = 22 € (R x M)[z]. But since R x M is integrally closed, then (0,m/s) € R x M.
So m/s € M and hence M = Mg. O

In general, R x Mg integrally closed does not imply that R is integrally closed. The following
example provides an arbitrary non-integrally closed R and an R-module M such that R x Mg is

integrally closed.

Example 2.2.9 ([14], page 166). Let R be a non-integrally closed and M = @{R/P | P €
Spec(R)}. By Example 2.1.18 (2), we have Zr(R/P) = P for all P € Spec(R). So

ZrM)= |J Zr®/P)= |J P
PeSpec(R) PeSpec(R)
Since

R-UR)= |J m
méeMaz(R)

Then R — U(R) C Zr(M). We claim that R x M is a total quotient ring. To do this, let
(uym) ¢ Z(Rx M) = (Z(R)U Zr(M)) x M. Then u ¢ Z(R) U Zr(M). Sou ¢ R— U(R). Hence
u € U(R) and (u,m) € U(R x M). So every non-zero divisor of R x M is a unit or equivalently,
every element of R x M is either a zero divisor or a unit. So R X M is a total quotient ring and
hence Rx M is integrally closed. By the last proposition, M = Mg where S = R—(Z(R))UZr(M).
Therefore, R x Mg is integrally closed.

Next, we determine the inverse of I x M where [ is an ideal of a ring R, and M is an R-module

with M = Mg where S = R — (Z(R) U Zr(M)). We first recall the following definition.

Definition 2.2.10 ([8]). Let R be a commutative ring with total quotient ring T'(R). An ideal I
of R is invertible if IT-! = R, where [~ = {z € T(R) | #I C R}.

Proposition 2.2.11. Let R be a ring, M an R-module, and S = R — (Z(R)U Zr(M)). If I is an
ideal of R and M = Mg, then the inverse of I x M is (I x M)~' = (I"' N Rg) x M.

Proof. First, note that (I x M)™' C T(Rx M) = Rgx Mg = Rgx M. Now, let (a,b) € (I x M)~!,
then a € Rg and b € M. Let x € I be an arbitrary, then (z,0) € I x M. But (a,b) € (I x M)™!, so

(az,xzb) = (a,b)(z,0) € R x M. Hence, ax € R. Since x is arbitrary, then a/ C R and this means
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a € I"'. Thus, (a,b) € (I7* N Rg) x M. For the other inclusion, let (a,b) € (I"' N Rg) x M.
Then a € I"', a € Rg, and b € M. So, al C R. Let (x,m) € I x M be an arbitrary. Then
x € I. Since al C R, ax € R. But then (a,b)(x,m) = (ax,am + xb) € R x Mg = R x M. Hence,
(a,b)(I x M) C Rx M and this means (a,b) € (I x M)~!. Thus, Ix M)~ = (I"'NRs)x M. O

Corollary 2.2.12. Let R be a ring, M an R-module, and S = R — (Z(R) U Zr(M)). If I is an
ideal of R with INS # () and M = Mg, then (I x M)~ = I~ x M; Hence I x M is invertible if

and only if I is invertible.

Proof. Suppose that I is an ideal of R such that I NS # (), and assume that M = Mg. Choose
s € INS. We claim that I~ C Rg. Now, let « € I"'. Then I C R. So, zs = r for some
r € R. Hence, z = rs~' € Rg. Thus, ™' C Rg and so I"' N Ry = I~'. By Proposition
2211, (Ix M)™' = (I"'NRg) x M = I"' x M. Next, assume that I x M is invertible, then
(Ix MYI'x M)=(Ix M)Ix M)™' = Rx M. But then II"' x (IM +1"'M)=Rx M. So
II7" = R and hence I is invertible. Conversely, suppose that I is invertible, so II~' = R. Now,
since M = Mg, then M = sM for all s € S and hence M = sM for all s € INS. Let m € M
be an arbitrary, and let ¢t € I NS. Then m = tm’ for some m’ € M. So m € IM and hence
M = IM. Also, since I C Rg and M = Mg, then 7'M C RgM C Mg = M. It follows that
IM+I'M=M.So(IxM)(Ix M) t=UxM)(I 'xM)=II"'x (IM+I'M)=Rx M.
Thus, I x M is invertible. O

Suppose that Ry and Ro are rings and M; is an R;-module, ¢ = 1,2. Then M; x Ms is an
R; x Rg-module with action (ry,79)(mi,ma) = (rimi,rema). Conversely, let R = Ry x Ry and
suppose that M is an R-module. Put M; = (R; x 0)M and My = (0 x Re)M. So M; is an
R;-module and M is the internal direct sum of M7 and My and hence M = My x Ms.

The following Theorem shows that (R; x Rg) x (M7 x Ms) and (Ry x M1) x (Rg X M) are

isomorphic.

Theorem 2.2.13 ([6]). let Ry and Ry be rings, and let M; be an R;-module, i = 1,2. Then
(Rl X Rg) X (M1 X Mg) = (R1 X Ml) X (RQ X Mg)

P?"OOf. Define (o (Rl X RQ) X (Ml X Mg) — (Rl X Ml) X (RQ X Mg) by

o((r1,72), (m1,mz2)) = ((r1,m1), (r2, m2)).
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Let a = ((Tl,’l”g),(m1,7’l’L2)), b = ((81,82),(711,712)) S (Rl X Rz) X (Ml X Mg). Then a + b =

((r1 + s1,72 + s2), (m1 + n1,ma + ng)) and ab = ((r181,7r282), (riny + symi, ran2 + sama)). So

go(a + b) = ((Tl + s1,mp + nl), (7’2 + S2,,Mmo + ng))
= ((r1,m1) + (s1,11), (r2, m2) + (s2,n2))
= ((rlaml)v (TvaQ)) + ((Slvnl)v (827n2))

p(a) +¢(b).

Also

o(ab) = ((ris1,rin1 + sima), (rase, rang + sama))
= ((r1,m1)(s1,m1), (r2, m2)(s2, n2))
= ((r1,m1), (r2, m2))((s1,71), (52, n2))

p(a)p(b).

So ¢ is a ring homomorphism. Clearly, ¢ is onto. Finally, let a = ((r1,72), (m1,m2)) € ker ¢, then
((0,0),(0,0)) = p(a) = ((r1,m1), (r2,m2)) < (ri,m1) = (0,0) and (r2,mz2) = (0,0) < r1 =0,
ro =0, my =0, and my = 0 < a = ((0,0),(0,0)). So kerp = 0. Equivalently, ¢ is one-to-one.

Therefore, ¢ is an isomorphism. O

Remark 2.2.14. If R; is a ring and M; is an R;,-module for each ¢ = 1,...,n, then [} | R; x
[Ty Mi = [Tz (R x M;).

The following is an illustrative example for Theorem 2.2.13.

Example 2.2.15. Let p, ¢ be two distinct prime numbers. Then (Z X Z) x (Zy, x Zq) = (Z % Zy,) X
(Z x Zg).

The following theorem shows that the ring of polynomials (R x M)[x] over R x M is naturally
isomorphic to R[x] x M|z].

Theorem 2.2.16 ([6]). Let R be a ring and M an R-module. Then

(R x M)[x] = R[x] x M[x].
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Proof. Define ¢ : (R x M)[x] — R[x] x M|[z] by

k k
(> (ri,mi)a Zn LY maat)
=0 =0

Let f(x) = > i_y(a;, m;)z’ and g(z) = Z] o(bj,n;)2 be two elements in (R x M)[z]. Then

u u

f(@) +g(x) = Z[(almmk) + (b, ) |2 = Z(ak + by, My, + ng )"
k=0 k=0
where u = max{s,t}, (a;,m;) = (0,0) for ¢ > s, and (b;,n;) = (0,0) for i > ¢t. Now
u u

e(f(@)+g(@) = O (ax+bp)x" > (my + ng)a)

k=0 k=0

u u u s
— (Z apz®, Z mya®) + (Z bra”, Z nga®)
k=0 k=0 k=0 k=0
s S t t
= (Z akmk, Z mkl‘k) + (Z bk’xka Z nkl'k)
k=0 k=0 k=0 k=0

= o(f(2) + ¢(g(2)).
Next,
s+t
f@)g(@) = (cx, l)z"
k=0

where (¢, i) = Zfzo(ak_i, mg—;)(bi,n;) for k=0,...,s +t. So
k k k k
(i k) = > (an—ibi, ag—ini +bimg_i) = (Y ar—ibi, Y ar—ini + ¥ _ bimy_s).
=0 i=0 i=0

=0

Let [}, = Zf:o aj—;n; and [} = Z?:o bimi—;. Then I, =1 + 1}, k=0,...,s+1t. So
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s+t s+t

p(f@)gx)) = Qera®, Yy la®)
k=0 k=0

s+t s+t s+t

= (chmk,Zl,’yg —i—Zl" F
kjo . t t

= (ZaZ Zml Zb-azj,an:Uj)
=0 j=0 5=0

= o(f())p(g(z)).

It follows that ¢ is a ring homomorphism. Next, let f(z) = Y7 (a;,m;)z’ € kery. Then
0,0) = o(f(2)) = Xigaix®,> i ymz'), so a; = 0 and m; = 0 for each i = 0,...,s. Hence
f(z) = 0 and ¢ is one-to-one. Finally, let 8 = (3°7 rixi,zzzo mjx?) € R[z] x M(z]. If s = t,
then 8 = p(a) where a = S°7_(ri,m;)a’. If s > t, then 8 = p(a) where a = >_i_,(r;, m;)z’ +
> iii1(ri;0)z. Similarly, to prove that § is an image of some o € (R x M)[z] in the case that

s < t. So ¢ is onto and therefore, ¢ is an isomorphism. O
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Chapter 3

Transfer results and examples

In this chapter we will study several notions via trivial ring extension, namely, Noetherian, Artinian,
Manis valuation, Priifer, chained, and arithmetical rings. Also, we will study the atomic rings and
the ACCP via trivial ring extension. We construct a number of examples about these notions using

the trivial ring extension.

3.1 Noetherian and Artinian rings via trivial ring extension

We start this section by recalling some basic definitions and facts about Noetherian and Artinian

rings.
Definition 3.1.1. Let R be a ring.

1. We say that R satisfies the ascending chain condition (ACC), or that R is Noetherian if any
ascending chain of ideals of R terminates. That is, if we have ideals I1 C Iy C - - -, then there

is some n € N such that I, = I,,, for all m > n.

2. We say that R satisfies the descending chain condition (DCC), or that R is Artinian if any
descending chain of ideals of R terminates. That is, if we have ideals I D Iy D - - -, then

there is some n € N such that I,, = I, for all m > n.

Theorem 3.1.2. [[15]] ( Cohen’s Theorem). A ring R is Noetherian if and only if every prime

ideal of R is finitely generated.

Theorem 3.1.3 ([7]). A ring R is Artinian if and only if R is Noetherian and dim R = 0.
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The following theorem establishes the transfer of the Noetherian (Artinian) notions in trivial

ring extension.

Theorem 3.1.4 ([6]). Let R be a ring, M an R-module, and E = R x M.
1. E is Noetherian if and only if R is Noetherian and M 1is finitely generated.
2. E is Artinian if and only if R is Artinian and M is finitely generated.

Proof. 1. Suppose that E is Noetherian. Then R = WLM is Noetherian. Now, the ideal 0 x M
of E is finitely generated. So there are my,...,m, € M such that 0 x M = >" | E(0,m;).

Now

0x M= iE(O,mi)

=1

= Z(O x Rm;)  (By Theorem 2.1.10)
i=1

i=1

So M =>"" | Rm, is a finitely generated R-module. Conversely, suppose that R is Noetherian
and M is finitely generated. We will use Cohen’s theorem to prove that E is Noetherian.
Let P x M be a prime ideal of R x M, then P is a prime ideal of R and hence P is finitely
generated. But M is finitely generated R-module. So P x M is a finitely generated ideal of

E. Thus by Cohen’s theorem, we have E is Noetherian.

2. Suppose that F is Artinian. Then R = OfM is Artinian. Since an Artinian ring is Noetherian,

then E is Noetherian and so by (1), M is finitely generated. Conversely, suppose that R is
Artinian and M is finitely generated. By Theorem 3.1.3, R is Noetherian with dim R = 0.
Since M is finitely generated, then by (1), £ is Noetherian. But dim £ = dim R = 0. So, we
have E is Noetherian with dim £ = 0. Hence by Theorem 3.1.3, F is Artinian.

O

Theorem 3.1.4 can be used to construct a new examples of Noetherian (non-Noetherian) rings
and a new examples of Artinian (non-Artinian) rings

The following example gives a class of Noetherian rings using trivial ring extension.
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Example 3.1.5. 1. Since every ideal of Z is principal, then Z is Noetherian. Now Z,, is a finitely
generated Z-module for any prime number p, so by Theorem 3.1.4, Z x Z,, is Noetherian for
any prime p. Hence by Example 2.2.15, the ring R, , = (Z x Z) x (Zy, X Z) is Noetherian for

all distinct primes p and gq.

2. Let F be any field, then F is Noetherian. Since F|x1,...,x,] is a finitely generated F-module,
then by Theorem 3.1.4, F x F[x1, ..., z,] is Noetherian.

The following example gives a new examples of non-Noetherian rings using trivial ring extension.

Example 3.1.6. 1. Since the set of rational numbers Q is not finitely generated Z-module, then

by Theorem 3.1.4, Z x QQ is not Noetherian.

2. Let F be any field, and let R = Flz, x2,...]. Since
Rxy C Rx1 + Rxo C Rx1 + Rxg + Rz C - - -
is an infinite strictly increasing chain of ideals of R, then R is not Noetherian. So by Theorem
3.1.4, R x M is not Noetherian for any R-module M.

Next, we give examples of Artinian rings and examples of non-Artinian rings.

Example 3.1.7. 1. Let F be any field. Then R, = Pzl is an Artinian ring for every positive

x"Fx]

integer n (This is because R, is a finite dimensional vector space of dimension n). So if M is

a finitely generated R,-module, then by Theorem 3.1.4, R,, X M is an Artinian ring.

2. Since the ring of integers Z is not Artinian, then the ring R, , given in example 3.1.5 (1), is

not Artinian for all distinct primes p and gq.

3.2 Characterization of Manis valuation rings, Priifer rings, chained

rings, and arithmetical rings of the form R x M.

We start this section by recalling some basic definitions and facts.
Definition 3.2.1. Let R be an integral domain.
1. R is called a valuation domain if for each x € Quot(R), either x € R or z~1 € R [7].

2. R is called a Priifer domain if every nonzero finitely generated ideal of R is invertible [23].
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Definition 3.2.2 ([20]). Let 7" be a ring and R a subring of 7. R is called a valuation ring on T’
if there exists a prime ideal P of R such that for each z € T — R, there exists ' € P such that

xx’ € R — P. The pair (R, P) is called a valuation pair of T'.
Definition 3.2.3. Let R be a ring. Then:
1. R is called a Manis valuation ring if its a valuation ring on T'(R). [20].
2. R is called a Priifer ring if every finitely generated regular ideal of R is invertible [9].
3. R is called a chained ring if the set of ideals of R is totally ordered by inclusion [12].
4. R is called an arithmetical ring if Ry, is a chained ring for each maximal ideal m of R [16].
Notice that if R is a local domain, then all the notions in the last definition are coincide.
Remark 3.2.4. Let R be a ring.
1. If R is a chained ring, then R is an arithmetical ring.
2. If R is a chained ring, then R is a Manis valuation ring.
3. If R is an arithmetical ring, then R is a Priifer ring.

Proof. 1. Let R be a chained ring. Then any two ideals of R are comparable, so R has exactly
one maximal ideal, say m. Hence R, = R is a chained ring. That is, R is an arithmetical

ring.

2. Let R be a chained ring. Then R is a local ring. Let P be the unique maximal ideal of R,
and let » = ¢ € T(R) — R. Since R is chained, then either Ra C Rb or Rb C Ra. But since
7 ¢ R, we have Rb C Ra, so b = ac for some ¢ € R. Again since § ¢ R, then ¢ ¢ U(R), so
ceP(as P=R—-U(R)). Now, zc= fc= 9 = % =1. So zc € R — P. Hence R is a Manis

valuation ring.

3. See [8, Theorem 2.2] and [8, Theorem 2.5].
O

Example 3.2.5. 1. Let R be a principal ideal domain and I a nonzero ideal of R. Write I = aR
where a € R. Then I™! = 1R, Now, IT™! = (aR)(1R) = R, so I is invertible. Hence R is
Priifer. Since R is a domain, then R is arithmetical. So R,g is a chained ring for any prime

element p of R.
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2. Let F be a field, then F' has only two ideals, namely 0 and F', and these ideals are comparable,
so F' is a chained ring. By the remark above, F' is a Manis valuation ring. Since a field is a

local ring, then F' an arithmetical ring. Also, since a field is a PID, then by (1), F' is Priifer.

3. Let R be a total quotient ring, then every element of R is either a zero divisor or a unit. So
if I is a regular ideal of R, it contains a regular element, hence I contains a unit of R. This

implies I = R is invertible. So R is a Priifer ring.

4. Let R be a Boolean ring, and let m be a maximal ideal of R. Then Ry, is a local ring with
maximal ideal mRy, = {4 | a € R,b ¢ m}. Let = be a nonzero element of Ry,. Then 2? = z,
sox(x—1) =0. Ifr € mRy,, z—1 ¢ mRy,, but then z—1 is a unit of Ry,, which implies = 0,
a contradiction. So, we have x ¢ mR,,, which implies x is a unit of Ry,. From z(x — 1) = 0,

we have x = 1. It follows that Ry, = {0,1} = Zs is a field, and so by (1), its a chained ring.

Thus, R is an arithmetical ring.
The following theorem characterizes when R x M is a valuation ring or Priifer ring.
Theorem 3.2.6 ([14]). Let R be a ring, M an R-module, and S = R — (Z(R) U Zg(M)).
1. Rx M is a Manis valuation ring if and only if R is a valuation ring on Rg and M = Mg.

2. Rx M is a Priifer ring if and only if for each finitely generated ideal I of R with INS # 0,
1 is invertible, and M = Myg.

Proof. 1. If R x M is a Manis valuation ring, then (R x M, P x M) is a valuation pair of
T(R x M) = Rg x Mg for some prime ideal P of R. Since R x M is integrally closed, then
M = Mg. SoT(RxM) = Rgx M. Now, let € Rg— R, then (z,0) € T(RxM)—Rx M. So
there exists (2/,m’') € Px M such that (x,0)(z',m') € (RxM)—(PxM) = (R—P)x M. But
then 2/ € P and z2’ € R— P. Thus, (R, P) is a valuation pair of Rg. That is, R is a valuation
ring on Rg. Conversely, suppose that R is a valuation ring on Rg and M = Mg. Then (R, P)
is a valuation pair of Rg for some prime ideal P of R. Let (z,m) € T(Rx M) — Rx M =
(Rs — R) x M. Then z € Rg — R. So there exists 2’ € P such that z2’ € R — P. But then
(/,0) € P x M and (z,m)(2',0) = (za’,2'm) € (R— P)x M = (Rx M) — (P x M). Thus,

R x M is a Manis valuation ring.

2. Assume that R x M is a Priifer ring. Then R x M is integrally closed, so M = Mg. Let I be
a finitely generated ideal of R with I NS # (). Then by Theorem 2.1.21, I x M is a regular
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ideal of R x M. We claim that if I =" | Ra;, then I x M =>"" (R x M)(ai,0). Suppose
I =57 Raj then a; € I for all i = 1,...,n. So > (R x M)(a;,0) C I x M. For the
reverse inclusion, let (z,m) € I x M. Then x € I gives that = ;" | rja; for some r; € R,

i=1,...,n. Now since INS # 0, there exists s € INS. So s~'m € M since M = Mg. Hence

n n

(x,m) = (,0) + (0,m) =Y (ri,0)(a;,0) + (5,0)(0,s 'm) € Y (R x M)(a;,0).

i=1 =1

Thus, I x M = Y " (R x M)(a;,0) is a finitely generated regular ideal of R x M. Since
R x M is a Priifer ring, I x M is invertible and therefore, by Corollary 2.2.12, I is invertible.
Conversely, let J be a finitely generated regular ideal of R x M. Since M = Mg, then by
Theorem 2.1.21, J = I x M where I is an ideal of R with I NS # (). By hypothesis, I is
invertible. Hence by Corollary 2.2.12, J = I x M is invertible. Thus, R x M is a Priifer ring.

O

Corollary 3.2.7. Let R be a ring, M an R-module, and S = R — (Z(R) U Zr(M)).

1. If Zr(M) C Z(R), then Rx M is a Manis valuation ring if and only if R is a Manis valuation

ring and M is divisible.

2. If ZrR(M) C Z(R), then R x M is a Prifer ring if and only if R is a Prifer ring and M is

divisible.

Proof. 1. If Zp(M) C Z(R), then S = R — Z(R). So Rg = T(R). Hence by Theorem 3.2.6
(1), R x M is a Manis valuation ring if and only if R is a valuation ring on Rg = T'(R) and

M = Mg if and only if R is a Manis valuation ring and M is divisible.

2. Asin (1), since Zr(M) C Z(R), S = R— Z(R). So for any ideal I of R, I is regular if and
only if NS # (). Hence by Theorem 3.2.6 (2), R x M is a Priifer ring if and only if for each
finitely generated ideal I of R with I NS # (), I is invertible, and M = Mg if and only if for
each finitely generated regular ideal I of R, I is invertible and M is divisible if and only if R

is a Prifer ring and M is divisible.

O]

We next give examples concerning valuation rings and Priifer rings involving trivial ring exten-

sion.
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Example 3.2.8. 1. Let R = Zyz and M = Q = T'(R). Then Zr(M) =0 = Z(R), so S =
R — {0}. Since Zyyz is a valuation ring on Q and Qg = Q. Then by Corollary 3.2.7 (1),

R x M = Zoy x Q is a Manis valuation ring.

2. Let R =7Z and M = R[z]. Then from Example 2.1.15 (1), M is divisible R-module. Now
since Z is a PID, it is Priifer. As Zr(M) =0 = Z(R), hence by Corollary 3.2.7 (2), Z x R]x]

is a Priifer ring.
The following example gives a Priifer ring which is not a Manis valuation ring.

Example 3.2.9. Let R =7 and M = Q. Then Zr(M) =0 = Z(R). Since Z is a Priifer ring and
Q is divisible Z-module. So by Corollary 3.2.7 (2), R x M = Z x Q is a Priifer ring. Next, since
Z is not a valuation domain ( since z = 2 € Quot(Z) = Q, but ¢ Z and 2= = 3 ¢ Z ). So by

Corollary 3.2.7 (1), Z x Q is not a Manis valuation ring.

Notice that in general, R x M Priifer does not imply that R is Priifer. The following example
provides a ring R and an R-module M for which R x M is a Priifer ring but R is not Priifer.

Example 3.2.10. Let R = Q[z,y] and M = @{R/P | P € Spec(R)}. Then as in Example 2.2.9,
R x M is a total quotient ring and hence is a Priifer ring. We show that R is not a Priifer ring.
Consider the ideal I = Rx + Ry of R. Claim: [ is not invertible. On the contrary, suppose I is
invertible, then I1-! = R. We know that Quot(R) = Q(z,y). Now,

IV ={f € Quot(R) | fI C R} = {f € Q(z,y) | «f € Qlz,y] and yf € Q[,y]}.

Let f € I!, then 2f € Q[z,y] and yf € Q[z,y], so there are p,q € Q[x,y] such that zf = p and
yf = g, but then £ = f = %, which implies yp = xq, so x | yp, but since z and y are distinct
primes, then z { y, hence z | p, and so f = g € R. This shows that I~' C R. Clearly, RC I~'. It
follows that I=' = R. We have II-! = IR = I # R, a contradiction. Therefore, R is not a Priifer
ring.

Lemma 3.2.11. Let R ba a ring and I an ideal of R. If R is a chained ring, then R/I is a chained
Ting.

Proof. 1f J/I and K/I are two ideals in R/I, then either J C K or K C J since R is a chained
ring. So either J/I C K/I or K/I C J/I. Hence the set of ideals of R/I is totally ordered by

inclusion. Thus, R/I is a chained ring. O
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The following theorem characterizes the chained rings of the form R x M.

Theorem 3.2.12 ([24]). Let R be a ring and M a non-zero R-module. Then R x M is a chained
ring if and only if R is a valuation domain and M is divisible R-module whose (cyclic) submodules

are totally ordered by inclusion.

Proof. (=). Suppose that Rix M is a chained ring. Then by the lemma above, R = ﬁg ]]\\4/[ is a chained

ring and since M is isomorphic to an ideal of R x M, the submodules of M are totally ordered by
inclusion. Let 0 # a € R and m € M. Then 0 x M C (R x M)(a,0). So (0,m) = (a,0)(r,n) for
some r € R and n € M. But then m = an € aM. Hence M = aM. Now, let a,b € R — {0}. Then
M = aM = abM. Since M # 0, then ab # 0. Hence R is an integral domain and M is divisible.

(«<). Suppose that R is a valuation domain and M is a divisible R-module whose (cyclic)
submodules are totally ordered by inclusion. Since M is divisible, then by Theorem 2.1.14, every
ideal of R x M has the form I x M or 0 x N for some ideal I of R or submodule N of M. By
hypothesis, it is clearly that the ideals of R x M are totally ordered by inclusion. Hence R x M is

a chained ring. O

Definition 3.2.13. Let R be a ring and M an R-module. M is arithmetical if the Ry,-submodules

of My, are totally ordered by inclusion for each maximal ideal m of R.
The following corollary characterizes the arithmetical rings of the form R x M.

Corollary 3.2.14 ([6]). Let R be a ring and M a non-zero R-module. Then R x M is arithmetical
ring if and only if R is an arithmetical ring, M is an arithmetical R-module, and for each maximal

ideal m of R with My, # O, R is a valuation domain and My, is a divisible Ry, -module.

Proof. (=). Suppose that R x M is an arithmetical ring. So Ry, X My, = (R X M)y is a chained
ring for each maximal ideal m of R. By the proof of Theorem 3.2.12, Ry, is a chained ring and the
R -submodules of M, are totally ordered by inclusion for each maximal ideal m of R. It follows
that R is an arithmetical ring and M is an arithmetical R-module. Next, let m be a maximal ideal
of R with My, # 0. Then R,, X My, is a chained ring gives that Ry, is a valuation domain and
M, is a divisible R,,-module.

(«). Let mx M be a maximal ideal of Rx M where m is a maximal ideal of R. Then (Rx M )yxnr =
Ry x Mp,. Now since R is arithmetical, then Ry, is a chained ring, and since M is arithmetical,

then the R,-submodules of M, are totally ordered by inclusion. If My, = 0y, then Ry, X My, is a
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chained ring. So assume that M, # Oy. Then by hypothesis, Ry, is a valuation domain and M,
is a divisible Ry-module. By Theorem 3.2.12, Ry, X My, is a chained ring. Therefore, R x M is an

arithmetical ring. O

Next, we consider a particular construction using trivial ring extension, R = F' x V where F is
a field and V is a vector space over F. The following corollary shows that F' x V is both a Manis

valuation ring and a Priifer ring, and it is arithmetical if and only if dimp V = 1.
Corollary 3.2.15. Let F be a field, V a non-zero F-vector space, and R =F x V. Then
1. R is a Manis valuation ring.
2. R is a Priifer ring.
3. R is arithmetical if and only if dimp V = 1.

Proof. 1. (1) and (2). Since F' is a field, it is both a Manis valuation ring and a Priifer ring.
Now, if v € Vand 0 # a € F, then v = aa"'v € aV. So V = aV and V is divisible. Because
Zp(V) =0= Z(F), then by Corollary 3.2.7, R is both a Manis valuation ring and a Priifer

ring.

2. (=). Suppose that R = F' x V is an arithmetical ring. Since F'is a field, it is a local valuation
ring. So by Corollary 2.1.7 (1), R is local. So R is a local arithmetical ring, hence it is a
chained ring. Let vi,v2 be two non-zero vectors of V. Then Fwv; and Fuy are two cyclic
subspaces of V. Since R is a chained ring, then by Theorem 3.2.12, either Fv; C Fuvg or
Fvy C Fvy. So v; = avg or vy = buy for some a,b € F. So {v1,ve} is linearly dependent.

Hence dimpV < 2. But V #0, so dimp V = 1.

(«<). Suppose that dimp V' = 1, so there is a vector 0 # vg € V such that B = {v} is a
basis for V. If 0 v € V, dimp Fv = 1. So Fv = V. Hence FO = 0 and Fvy = V are the
only cyclic subspaces of V. Hence the cyclic subspaces of V' are totally ordered by inclusion.
It follows by Theorem 3.2.12, that R = F' x V is a chained ring and hence is an arithmetical

ring.

Next, we provide examples of a Manis valuation ring that is not a chained ring.
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Example 3.2.16. 1. Let F=Q,V =Q(v2) ={a+bv2 | a,bc Q}, and R = F x V. Then
by Corollary 3.2.15, R is a Manis valuation ring. But since dimg Q(v/2) = 2 # 1, then again
by Corollary 3.2.15, R is not an arithmetical ring and hence R is not a chained ring because

a chained ring is a local arithmetical ring.

2. Let F =Zgand V = Z3(i) = {a+bi | a,b € Zs}. Then dimpV =2 > 1. So by Corollary

3.2.15, R = F x V is a finite Manis valuation ring which is not a chained ring.
Next, we give examples of non-arithmetical Priifer rings.

Example 3.2.17. 1. Since dimg R? = 2 # 1, so by Corollary 3.2.15, RxR? is a non-arithmetical

Priifer ring.

2. Let R = Rx R[z]. Because dimg R[z] = oo, then by Corollary 3.2.15, R is a non-arithmetical

Priifer ring.
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3.3 Atomic rings and the ACCP via trivial ring extension

In this section we determine some irreducible elements in R x M and also we determine when R x M
has the ascending chain condition for principal ideals, and we determine a sufficient condition for
Rx M to be atomic. We start by recalling some definitions concerning factorization in commutative

rings with zero divisors and in modules.
Definition 3.3.1 ([6]). Let R be a ring and M an R-module.

1. Two elements m,n € M are associates (m ~ n) if Rm = Rn. Taking M = R gives the notion

of ”associates” in R.

2. A nonunit a € R is irreducible if ¢ = bc implies a ~ b or a ~ ¢. And a is m-irreducible if Ra
is a maximal element of the set of proper principal ideals of R. Also a is prime if a | bc =

alboralec.
3. An element m € M is R-primitive if fora € Rand n € M, m = an = m ~ n.
4. R is called atomic if every (nonzero) nonunit of R is a product of irreducibles.

5. We say that R satisfies the ascending chain condition on principal ideals (ACCP) if every

ascending chain of principal ideals of R terminates.
Remark 3.3.2 ([6]). Let R be a ring, M an R-module, and a € R.
1. If a is m-irreducible, then a is irreducible.
2. If a is prime, then a is irreducible.
3. An element m € M is R-primitive if and only if Rm is a maximal cyclic R-submodule of M.

Proof. 1. Suppose that a is m-irreducible. If a = bc with Ra # Rb and Ra # Rc, then Ra C
Rb and Ra C Re, so Ra is not maximal in the set of all principal ideals of R which is a

contradiction since a is m-irreducible. So either Ra = Rb or Ra = Rc, that is, either a ~ b

or a ~ c. Hence a is irreducible. Thus, a is m-irreducible implies a is irreducible.

2. Suppose that a is prime. If a = be, then a | be. Since a is prime, so either a | b or a | ¢. If
a | b, then Rb C Ra, but Ra C Rb since a = bc € Rb. So Ra = Rb, that is, a ~ b. Similarly,

if a | ¢, then a ~ ¢. So a is irreducible. Thus, a is prime implies « is irreducible.
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3. Assume that m € M is R-primitive. Let Rn be a proper cyclic submodule of M such that
Rm C Rn. Then m = rn for some r € R. But m is R-primitive, so m ~ n and hence
Rm = Rn. Thus, Rm is a maximal cyclic R-submodule of M. Conversely, assume that Rm
is a maximal cyclic R-submodule of M. Let a € R and n € M. If m = an, then Rm C Rn.

By hypothesis, Rm = Rn. So m ~ n. Thus, m is R-primitive

Theorem 3.3.3. Let R be a ring. If R satisfies the ACCP, then R is atomic.
Proof. See [4, Theorem 3.2]. O
The following theorem gives some irreducible elements of R x M where R is an integral domain.
Theorem 3.3.4 ([4, 5]). Let R be a ring, M an R-module, and E = R x M.
1. Let myn € M. Then m ~ n if and only if (0,m) ~ (0,n).

2. If R is an integral domain and 0 # m € M, then m is primitive in M if and only if (0,m) is

irreducible in E.

3. If R is an integral domain and 0 # a € R, then a is irreducible in R if and only if (a,0) is

irreducible in E.

4. If R is an integral domain and 0 # a € R, then a is irreducible in R implies (a,m) is

irreducible in E for allm € M.

5. Suppose that R has a nontrivial idempotent and M # 0. Then no element (0,m) of 0 x M is

irreducible in E.

Proof. 1. Let m,n € M. Now m ~ n if and only if Rm = Rn if and only if 0 x Rm = 0 x Rn if
and only if E(0,m) = E(0,n) if and only if (0,m) ~ (0,n).

2. Let R be an integral domain and 0 # m € M. Assume that m is primitive in M. Suppose
(0,m) = (a,n)(b,l) where a,b € R and n,l € M. Then ab = 0 and m = al+bn. Since R is an
integral domain, either a = 0 or b = 0. If a = 0, then m = bn. So m ~ n since m is primitive.
Hence by (1), (0,m) ~ (0,n) = (a,n). Similarly if b = 0, then (0,m) ~ (0,1) = (b,1).
So (0,m) is irreducible. Conversely, assume that (0,m) is irreducible in E. Let a € R and

n € M. If m = an, then (0,m) = (a,0)(0,n). Since (0,m) is irreducible, either (0,m) ~ (a,0)
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or (0,m) ~ (0,n). Now E(0,m) =0 x Rm # Ra x aM = E(a,0) since a # 0 ( for if a = 0,
then m = 0, a contradiction ). So (0,m) ~ (a,0). Hence (0,m) ~ (0,n). By (1), m ~ n.

Thus m is primitive.

. Let R be an integral domain and 0 # a € R. Suppose that (a,0) is irreducible and a = bc.
Then (a,0) = (b,0)(¢,0). So E(a,0) = E(b,0) or E(a,0) = E(c,0). Hence Ra = Rb or
Ra = Re. Thatis, a ~ bor a ~ c¢. So a is irreducible. Conversely, suppose that a is irreducible
and (a,0) = (b,m)(c,n). Then a = be. Since a is irreducible and R is an integral domain, b
or ¢ is a unit of R. If b is a unit of R, then (b, m) is a unit of £ and so E(a,0) = E(c,n), that

is, (a,0) ~ (¢,n). Similarly if ¢ is a unit of R, then (a,0) ~ (b, m). Hence (a,0) is irreducible.

. Let R be an integral domain, and let 0 # a € R. Assume that a is irreducible. Let m € M be
an arbitrary, and suppose (a,m) = (b,n)(c,l). So a = be. Since a is irreducible, either b or ¢ is
a unit of R. If bis a unit of R, (b,n) is a unit of E, so (c,1) = (b,n)"(a,m) € E(a, m), hence
E(a,m) = E(c,l), that is, (a,m) ~ (c,1). Similarly, if ¢ is a unit of R, then (a,m) ~ (b,n).

Thus, (a,m) is irreducible in E.

. Let e be an idempotent of R such that e # 0,1. So e = e%. Let m € M be an arbitrary. Then
(0,m) = (e—e?, em+(m—em)) = (e(1—e),em+(1—e)m) = (e,m)(1—e,m). If (0,m) ~ (e,m)
or (0,m) ~ (1 —e,m), then (e,m) € E(0,m) =0x Rmor (1 —e,m) € E(0,m) =0 x Rm.
But then e = 0 or e = 1 which is a contradiction since e # 0,1. Hence (0, m) = (e,m) and
(0,m) » (1 —e,m). So (0,m) is not irreducible. Therefore, there is no m € M such that
(0,m) is irreducible in R x M.

O

Next, we use Theorem 3.3.4 to give an example of an irreducible element that is neither prime

nor m-irreducible.

Example 3.3.5 ([4, Example 5.7]). Let R = Z x (Za & Z3), and let a = (0,(0,1)) € R. Since

7(0,1) = 0 @ Zo is a maximal cyclic Z-submodule of Zy @ Zs, then (0, 1) is primitive in Zy @ Zo.
So by Theorem 3.3.4 (2), a is irreducible. Note that (0, (1,0))(2,(1,0)) = (0,(0,0)) € Ra, but

(0,(1,0)),(2,(1,0)) ¢ Ra. This means that Ra is not a prime ideal of R. So a is not prime. Next,

we show that a is not m-irreducible. Let b = (3,(0,0)) € R. Then a = ab € Rb but b ¢ Ra. So

Ra & Rb. Hence Ra is not a maximal element of the set of proper principal ideals of R. Thus a is

not m-irreducible.
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Definition 3.3.6. Let R be aring. An R-module M is said to satisfy the ascending chain condition

on cyclic submodules (ACCC) if every ascending chain of cyclic submodules of M terminates.

The following theorem determines when R x M satisfies the ACCP where R is an integral

domain.
Theorem 3.3.7 ([4]). Let R be an integral domain, M an R-module, and E = R x M.

1. If R satisfies the ACCP, then every ascending chain of principal ideals of E containing a

principal ideal of the form E(a,m) where 0 # a € R terminates.
2. E satisfies the ACCP if and only if R satisfies the ACCP and M satisfies the ACCC.

Proof. 1. Suppose 0 # a € R and E(a,m) & E(b,n). Then (a,m) = (b,n)(c,l) for some
(¢,l) € Rx M. So a = be. If ¢ is a unit of R, then (c,l) is a unit of E and so (b,n) € E(a,m),
a contradiction. So ¢ is not a unit of R and hence Ra & Rb. Thus, if R satisfies the ACCP,
then every ascending chain of principal ideals of E containing a principal ideal of the form

E(a,m) where 0 # a € R terminates.

2. (=). Suppose that E satisfies the ACCP. We know by Theorem 2.1.10, that E(a,0) =
Ra x aM and E(0,m) = 0 x Rm for all a € R and all m € M. Now since E satisfies
the ACCP, then F satisfies the ACCP on ideals of the form E(a1,0) C E(a2,0) C --- and
E(0,n1) € E(0,n2) C - --. Hence, R satisfies the ACCP and M satisfies the ACCC.

(«<). Suppose that R satisfies the ACCP and M satisfies the ACCC. Let E(ai,n1) C
E(ag,n2) C - - - be an ascending chain of principal ideals of E. If a; = 0 for each i, then
E(0,n1) € E(0,n2) C ---. So Rn; € Rng C --- which stops since M satisfies the ACCC. Hence
the original chain in F terminates. If a; # 0 for some 4, then by (1), the chain terminates. It
follows that E satisfies the ACCP.

[

Definition 3.3.8 ([6]). Let R be a ring. An R-module M is said to satisfy the MCC if every cyclic

submodule of M is contained in a maximal (not necessarily proper) cyclic submodule.
The following theorem gives a sufficient condition for R x M to be atomic.

Theorem 3.3.9 ([4]). Let R be an integral domain and M an R-module. If R satisfies the ACCP
and M satisfies the MCC, then R x M is atomic.
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Proof. Assume that R satisfies the ACCP and M satisfies the MCC. Let (0,0) # (a,n) € R x M
be a nonunit. Either a # 0 or a = 0. If a # 0, then by Theorem 3.3.7 (1), (a,n) is a product
of irreducibles. If a = 0, then n # 0. Since M satisfies the MCC, then Rn C Rm where Rm is
a maximal cyclic submodule of M. So m is primitive and hence by Theorem 3.3.4 (2), (0,m) is
irreducible. Now n = ¢m for some 0 # ¢ € R. Since R satisfies the ACCP, R is atomic. So (c,0)
is either a unit or a product of irreducible. Hence (0,n) = (¢,0)(0,m) is a product of irreducibles.

Therefore, R x M is atomic. [

Theorem 3.3.10. Let R be an integral domain and M an R-module. If R x M is atomic, then M
satisfies the MCC.

Proof. Suppose that R x M is atomic. Let Rn be a cyclic submodule of M. Then (0,n) =
(a1,n1) -+ (as,ns) where each (a;,n;) is an irreducible of R x M. Now a; - --as = 0, so say as = 0.
Then n =ay -+ - as—1ns. So Rn C Rng. Since (0,ns) = (as,ns) is an irreducible, then by Theorem

3.3.4 (2), n is primitive. Hence Rng is a maximal cyclic submodule of M. O

Next, we consider a particular construction using trivial ring extension, R = D x D/m where
D is a local integral domain and m is a maximal ideal of D. The next result shows that R is an

atomic ring and that R satisfies the ACCP if and only if D satisfies the ACCP.

Theorem 3.3.11 ([3]). Let (D,m) be a local integral domain with mazimal ideal m and let R =
D x D/m. Then

1. R is always atomic.
2. R satisfies the ACCP if and only if D satisfies the ACCP.

Proof. 1. Let (r,n) be a nonzero nonunit of R. Then r ¢ U(D). Sor € m since D —U (D) = m.
Either 7 = 0 or r # 0. First, assume r = 0, then 7 # 0 since (r,72) is nonzero. We claim that
(r,n) = (0,n) is irreducible. Suppose (0,7) = (a,Z)(b,y). Then 0 = ab. Since D is an integral
domain, either a = 0 or b= 0. If a = b =0, then (0,7) = (0,0), a contradiction. So only one
of a and b is 0, say a is 0. Then (0,7) = (0,7)(b,y) = (0,bZ), so n = bz, hence n — bx € m.
Since 1 # 0, then n ¢ m, so b ¢ m for if b € m, then bx € m, but then n = bx + (n — bx) € m,
a contradiction. Hence b € U(D), thus (b,y) is a unit of R. Similarly, if b = 0, then (a, Z) is
a unit of R. So (r,n) = (0,n) is an irreducible. Next, assume r # 0. If (r,n) = (a,7)(b,7),

then r = ab. But r € m, so either « € m or b € m. If a € m but b ¢ m, then b € U(D), so
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(b,y) is a unit of R . Similarly, if @ ¢ m but b € m, then (a,Z) is a unit of R. It follows that

(r,n) is an irreducible. If both a,b € m, then ay = bz = 0. So

(r,n) = (a,z)(b,y) = (ab,0) = (ab,al +bl) = (a,1)(b,1).

But (s,1) is an irreducible for all 0 # s € m. Indeed, if (s,1) = (¢, k)(d,1), then (s,1) =
(cd,cl + dk). If both ¢,d € m, then (s,1) = (cd,0), a contradiction. So either ¢ ¢ m =
D —~U(D)ord¢ m = D — U(D), hence either (c,k) or (d,l) is a unit of R. Therefore,

R =D x D/m is an atomic ring.

2. Since the only cyclic submodules of D/m are DO and Dn = D/m where 0 # n € D/m. So
D /m satisfies the ACCC. It follows by Theorem 3.3.7, that R satisfies the ACCP if and only
if D satisfies the ACCP.

The last theorem shows that an atomic ring need not satisfy the ACCP.

Definition 3.3.12 ([6]). Let R be a ring. We say that R is r-atomic if every regular nonunit of
R is a product of irreducibles and that R satisfies the r~-ACCP if every ascending chain of regular

principal ideals terminates.
Remark 3.3.13. Let R be a ring.
1. If R is atomic, then R is r-atomic. Where the converse is not true in general.

2. If a and b are two regular elements of R, then a ~ b if and only if a = ub for some unit u of

R.

The following theorem shows how a trivial ring extension can be used to give examples of rings

satisfying the factorization properties for the regular elements.
Theorem 3.3.14 ([6]). Let R be an integral domain and M an R-module.
1. If R satisfies the ACCP, then R x M satisfies the r-ACCP.
Suppose further that M = Mg where S = R — (Z(R)U Zr(M)) = R — Zr(M).

2. If R is atomic, then R x M is r-atomic.
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Proof. 1. Assume R satisfies the ACCP. Let (Rx M )(a,m) be a regular principal ideal of Rix M.
Then there is (b,n) € R x M such that (b,n)(a,m) is regular. So ba # 0 and hence a # 0.
By Theorem 3.3.7 (1), R x M satisfies the r-ACCP.

2. Suppose that M = Mg where S = R — Z(M). Let (r,m) be a regular nonunit of R x M.
Then r € S and r is a nonunit of R. Since M = Mg, m = rm’ for some m’ € M. So
(r,m) = (r,0)(1,m’). Hence (r,0) ~ (r,m). By the remark above, (r,m) = u(r,0) for some
unit u of R x M. Now, R is atomic implies that » = rq ---r,, where each r; is an irreducible of
R. So each (r;,0) is a regular irreducible of Rx M. Hence, (r,m) = u(r,0) = u(ry,0)--(r,,0)

is a product of irreducibles. Therefore, R x M is r-atomic.

The following example gives a ring R that is r-atomic but not atomic.

Example 3.3.15 ([4, Example 5.5]). Let R = Zx (Z2®Q). Now since Z is atomic, then by Theorem
3.3.14(2), R is r-atomic. Next, note that Z(1,0) is a maximal cyclic submodule of Zy & Q, but no
other nonzero cyclic submodule is contained in a maximal cyclic submodule since Z(1,a) C Z(1,a/3)
and Z(0, a) C Z(0,a/3) for any a € Q—{0}. So Zo®Q does not satisfy the MCC. Hence by Theorem
3.3.10, R is not atomic.
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Chapter 4

Applications

In this chapter, we determine the structure of Boolean-like rings using the trivial ring extension,

also we determine clean and nil-clean rings of the form R x M.

4.1 Structure of Boolean-like rings

This section is devoted to study the structure of Boolean-like rings using trivial ring extension. We

start by recalling the following definition.
Definition 4.1.1 ([2]). Let R be a ring.
1. R is called a Boolean-like ring if char R = 2 and xy(1 + z)(1 4+ y) =0 for all z,y € R.

2. R is called an n-Boolean ring if char R = 2 and 21 - - - (1 + 21) - - - (1 + x,) = 0 for all

T1y..., T € R.
Remark 4.1.2. Boolean rings are 1-Boolean rings, and Boolean-like rings are 2-Boolean rings.
The following proposition gives an equivalent condition for a ring R to be n-Boolean.

Proposition 4.1.3 ([6]). Let R be a ring. Then R is n-Boolean if and only if char R = 2, R/nil(R)
is Boolean, and nil(R)" =0

Proof. Suppose that R is n-Boolean. Then by Definition 4.1.1, char R = 2. Now, let z € R.
Then z™(1 + )™ = 0 since R is n-Boolean. So (z(1 + x))” = 0. But then z(1 + z) € nil(R). So

2(1+2)=0or Z(1+ ) = 0. Hence R/nil(R) is 1-Boolean or equivalently, R/nil(R) is Boolean.

Next, let z1,...,x, € nil(R). We have 1 - - - x,(1 +21) - - - (1 + x,) = 0 since R is n-Boolean. As
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x; €nil(R) foralli =1,..,n, 14z, € U(R) foralli =1,...,n. Sox;---xp(1+x1) - (1+x,) = 0 gives
that x; - - -z, = 0. Hence nil(R)" = 0. Conversely, let x1,...,z, € R. Then 21, ...,%, € R/nil(R).
But R/nil(R) is Boolean, so @;(1 + ;) = 0 for all i = 1,...,n. But then z;(1 + z;) € nil(R) for all
i=1,..,n. 80z - z,(1+z1) - 1+z,) =x1(1+z1) - 2pn(l +zp) € nil(R)" = 0. Thus, R is

n-Boolean. 0

Next, we determine a sufficient condition for R x M to be n-Boolean ring. We start by the

following lemma.

Lemma 4.1.4. Let R be a ring and M an R-module. Then for each k € N, nil(R x M)F =
nil(R)* x nil(R)*1 M.

Proof. To prove this lemma, we will use induction. By Theorem 2.1.19 (1), we have nil(R x M) =
nil(R) x M. For k = 2,

(nil(R) x M)?* = nil(R)? x 2nil(R)M = nil(R)* x nil(R)' M.

So its true for k = 2. If (nil(R) x M)* = nil(R)* x nil(R)*~1 M, then

(nil(R) x M)* = (nil(R)* x nil(R)*1M)(nil(R) x M)
= nil(R)*! w 2nil(R)* M
= nil(R)*! x nil(R)* M

= nil(R)*! % nil(R)* M.

Hence for each k € N, nil(R x M)¥ = (nil(R) x M)* = nil(R)* x nil(R)*~1 M. O

Theorem 4.1.5 ([2]). Let R be a ring and M an R-module. If R is n-Boolean, then R x M is
(n+1)-Boolean. Moreover, R x M is n-Boolean if and only if nil(R)" M = 0

Proof. Suppose that R is n-Boolean. Then char R = 2. So for any x € M, 2z = 2(1.z) = (2.1)z =
0x = 0. Hence char (Rx M) = 2. Now (Rx M)/nil(Rx M) = (Rx M)/nil(R) x M = R/nil(R) is
a Boolean ring. Next, since R is n-Boolean, nil(R)" = 0. Hence by Lemma 4.1.4, nil(Rx M) =
nil(R)" x nil(R)"M = 0. So R is n-Boolean implies that R x M is an (n+1)-Boolean ring and
R x M is n-Boolean < nil(R x M)" =0 < nil(R)" M = 0. O
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The following theorem gives a structure theory for Boolean-like rings using trivial ring extension.

Theorem 4.1.6 ([2]). (Structure theory for Boolean-like rings) If B is a Boolean ring and M is
a B-module, then B x M is a Boolean-like ring. Conversely, suppose that R is a Boolean-like
ring. Then R = R/nil(R) is a Boolean ring and R =2 R x nil(R) where nil(R) is considered as an
R-module ( since nil(R)? =0 ). Equivalently, if B = {b € R |b=b?}, then B is a Boolean subring
of R (with B2 R ) and R = B x nil(R) where nil(R) is considered as a B-module.

Proof. 1f B is a Boolean ring, then B is a 1-Boolean ring and by Theorem 4.1.5, B is a 2-Boolean

ring or equivalently, B is a Boolean-like ring.

Conversely, suppose that R is a Boolean-like ring. Then char R = 2, R = R/nil(R) is a
Boolean ring, and nil(R)?> = 0. Since char R = 2, then B = {b € R | b = b*} is a Boolean
subring of R. Let r € R. Then ¥ = 72 in R. So n = r — r? € nil(R) and r = r? + n where
n € nil(R). We claim that 72 € B. Since R is a Boolean-like ring and r € R, then r(1+7)2 = 0.
But char R = 2, s0o (z +y)? = 22 + y?> and * = —2 for all 2,y € R. Now, r?2(14+7)2 =0
=21+ =0=r+rt*=0=1r2= —* =7r% Sor? € B. Hence r = b+ n where
b=r%¢€ Band n € nil(R). This shows that R = B + nil(R). Moreover, B N nil(R) = 0.
So R = B @ nil(R). Now B/(B Nnil(R)) = (B + nil(R))/nil(R) gives B = R/nil(R) = R.
Because nil(R) is an R-module, nil(R)/nil(R)? is an R/nil(R)-module. But nil(R)? = 0, so
nil(R) is an R-module and hence nil(R) is a B-module. Finally, define ¢ : R — B x nil(R) by
r =b+n+— (byn). Then clearly ¢ is well-defined ( as R = B @® nil(R) ), bijection, and group
homomorphism. We show that ¢ preserve multiplication. Let r1 = b1 +n1,7ry = by +n9o € R where
bi,ba € B and ni,ne € nil(R). Since nil(R)? = 0, ning = 0. Also, since nil(R) is an ideal of R,
bing + bang € nil(R). Now ¢(r172) = p(biby + bing + bany + ning) = @(bibs + bing + bany) =
(b1bo, byng + bani) = (b1, n1) (b2, n2) = w(r1)e(r2). O

The following is an illustrative example for Theorem 4.1.6.
Example 4.1.7. Let A = Zs[z], [ = Az?, and R=A/I. Then R={0+ 1,1+ 1,x+1,1+z+1}.
Since char A = 2, then char R = 2. Now, nil(R) = {0+ I,z + I}. So nil(R)?> = 0 and R/nil(R) =
{0+ 1+ nil(R),1 + 1+ nil(R)} = Zs is Boolean. It follows by Proposition 4.1.3, that R is a
Boolean-like ring. So by Theorem 4.1.6, R = R/nil(R) x nil(R). In fact, R = Za X Zs.

A natural question is whether Theorem 4.1.6 can be extended to m-Boolean rings for n > 2.

The answer of this question is No. The next example shows that a 3-Boolean ring need not be the

trivial ring extension of a 2-Boolean ring.
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Example 4.1.8 ([2], pages 74-75). Let R = g%[j}w] X Zo. Then R satisfies the following statements:

1. R is a 3-Boolean ring.
2. R is not a 2-Boolean ring.
3. R is not the trivial ring extension of a 2-Boolean ring.
Proof. 1. Since char Zg[x] = 2 and char Zs = 2, then char R = 2. Now

xZs|x]

ey 2] x 0.

nil(R) = ml(xgzz[;[ig]) X nil(Zq) =

So nil(R)? = 0 and R/nil(R) = Zy x Zsy is a Boolean ring. Thus, by Proposition 4.1.3, R is

a 3-Boolean ring.

2. Let 8 = (z + 23Z2[x],0). Then B € nil(R), so 5% € nil(R)?. But
B = (2 + 2Zo[a], 0) # (0 + 2°Zo[], 0).

So nil(R)? # 0 and hence R is not a 2-Boolean ring.

3. By contradiction, suppose that R = A x M where A is a 2-Boolean ring and M is an A-
module. Note that |[R| =8 -2 =16. So |A| =1,2,4,8,0r16. If |A| <2 or |A| = 16, then A
is Boolean or R = A. If A is Boolean, then by Theorem 4.1.5, R =2 A x M is a 2-Boolean
ring, a contradiction. If R = A, R is a 2-Boolean ring, a contradiction. So either |A| > 2
or |A| # 16. Hence |A| = 4 or 8. Now if |A| = 4, then |M| = 4. By part (1), |nil(R)| = 4.
So |nil(A) x M| = 4 and then |nil(A)| = 1, that is nil(A) = 0. So A/nil(A) = A. As A is
2-Boolean, then A = A/nil(A) is Boolean and hence again by Theorem 4.1.5, R =2 A x M is
2-Boolean, a contradiction. Next, if |A| = 8, then |M| = 2. Since A is 2-Boolean, nil(A)? = 0.
Now

Inil(R)?| = |nil(A x M)?| = |nil(A)? x nil(A)M| = |nil(A)M].

By part (1), nil(R)? # 0, so [nil(A)M| = |nil(R)?| # 1. Since nil(A)M C M and |M| = 2,
then nil(A)M = M. So M = nil(A)M = nil(A)nil(A)M = nil(A)>M = 0, a contradiction

(as |[M| = 2). Therefore, R is not the trivial ring extension of a 2-Boolean ring.
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4.2 Clean and nil-clean rings.

In this section we will study the Clean, Weakly clean, Nil-Clean, and Weakly Nil-Clean rings via

trivial ring extension. We start with the following definition.

Definition 4.2.1 ([22]). A ring R is called clean if each » € R can be expressed as r = u + e,
where u € U(R) and e € Id(R).

Example 4.2.2. (Boolean rings are clean rings). Let B be a Boolean ring. Then U(B) = {1} and
Id(B) = B. Since each b € B can be written as b =1+ (b — 1), then B is a clean ring.

Definition 4.2.3 ([22]). A ring R is said to be weakly clean if for all x € R, either x = u + e or

x = u — e for some unit v and some idempotent e.
The following theorem characterizes when R x M is a clean ring or weakly clean ring.

Theorem 4.2.4 ([1]). Let R be a ring and M an R-module. R x M s clean (weakly clean) if and

only if R is clean (weakly clean).

Proof. We know by Theorem 2.1.19, that U(R x M) = U(R) x M and Id(R x M) = Id(R) x 0.
If R x M is clean and r € R. Then (r,0) = (u,m) + (e, 0) for some (u,m) € U(R x M) and some
(e,0) € Id(R x M). So r = u+ e for some u € U(R) and some e € Id(R). Hence R is clean.
A similar argument shows that if R is weakly clean, then R x M is weakly clean. Conversely, if
R is clean and (r,m) € R x M. Then r = u + e for some v € U(R) and some e € Id(R). So
(rym) = (u+e,m) = (u,m) + (e,0) for some (u,m) € U(R x M) and some (e,0) € Id(R x M).
Hence R x M is clean. A similar argument shows that if R x M is weakly clean, then R is weakly

clean. O

Theorem 4.2.4 can be used to give a class of a non-Boolean clean rings.

Example 4.2.5. Let R be a Boolean ring and M a nonzero R-module. Since M # 0, then R x M
is not a Boolean ring. By Example 4.2.2, R is Boolean gives that R is clean. So by Theorem 4.2.4,

R x M is a clean ring.

Definition 4.2.6 ([11]). A ring R is called nil-clean if each » € R can be written as r = g + e,
where ¢ € nil(R) and e € Id(R).

Definition 4.2.7 ([10]). A ring R is called weakly nil-clean ring if every r € R can be presented
as either r = ¢+ e or r = ¢ — e, where ¢ € nil(R) and e € Id(R).
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The following theorem characterizes when R x M is a nil-clean ring or weakly nil-clean ring.

Theorem 4.2.8. Let R be a ring and M an R-module. R x M is nil-clean (weakly nil-clean) if

and only if R is nil-clean (weakly nil-clean,).

Proof. We know by Theorem 2.1.19, that nil(R x M) = nil(R) x M and Id(R x M) = Id(R) x 0.
Now, suppose that R x M is a nil-clean ring and let » € R. Then (r,0) = (¢, m) + (e, 0) for some
(g;m) € nil(R x M) and some (e,0) € Id(R x M). So r = q+ e for some ¢ € nil(R) and some
e € Id(R). Hence R is a nil-clean ring. A similar argument shows that if R is weakly nil-clean, then
R x M is weakly nil-clean. Conversely, suppose that R is a nil-clean ring and let (r,m) € R x M.
Then r = ¢ + e for some ¢ € nil(R) and some e € Id(R). So (r,m) = (¢ +e,m) = (¢,m) + (e,0)
for some (g, m) € nil(R x M) and some (e,0) € Id(R x M). Hence R x M is a nil-clean ring. A

similar argument shows that if R x M is nil-weakly clean, then R is nil-weakly clean. O

Example 4.2.9. Let R = Z3, and let M be a nonzero R-module. Then R is a weakly nil-clean

ring but not nil-clean. So by Theorem 4.2.8, R x M is a weakly nil-clean ring but not nil-clean.
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